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Abstract
We explore the structures of light cone and Regge limit singularities of n-point Vira-
soro conformal blocks in c > 1 two-dimensional conformal field theories with no chiral
primaries, using fusion matrix approach. These CFTs include not only holographic CFTs
dual to classical gravity, but also their full quantum corrections, since this approach allows
us to explore full 1/c corrections. As the important applications, we study time dependence
of Renyi entropy after a local quench and out-of-time ordered correlator (OTOC) at late
time.
We first show that, the n-th (n > 2) Renyi entropy after a local quench in our CFT grows
logarithmically at late time, for any c and any conformal dimensions of excited primary. In
particular, we find that this behavior is independent of c, contrary to the expectation that
the finite c correction fixes the late time Renyi entropy to be constant. We also show that
the constant part of the late time Renyi entropy is given by a monodromy matrix.
We also investigate OTOCs by using the monodromy matrix. We first rewrite the mon-
odromy matrix in terms of fusion matrix explicitly. By this expression, we find that the
OTOC decays exponentially in time, and the decay rates are divided into three patterns,
depending on the dimensions of external operators. We note that our result is valid for any
c > 1 and any external operator dimensions. Our monodromy matrix approach can be gen-
eralized to the Liouville theory and we show that the Liouville OTOC approaches constant
in the late time regime.
We emphasize that, there is a number of other applications of the fusion and the mon-
odromy matrix approaches, such as solving the conformal bootstrap equation. Therefore, it
is tempting to believe that the fusion and monodromy matrix approaches provide a key to
understanding the AdS/CFT correspondence.
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1 Introduction & Summary
The AdS/CFT correspondence is a useful tool to investigate quantum gravity in terms of CFT. In
particular, two dimensional CFTs have rich enough structures that can accommodate non trivial
dual gravity dynamics, yet they are simple enough to allow us to investigate them analytically.
There is a particular class of CFTs, which are believed to have gravity duals. The most simplest
CFTs in this class are unitary, compact CFTs with central charge c > 1 and without chiral
primaries (hence, no extra currents apart from the Virasoro current), which we call pure CFTs.1
These CFTs are often considered in the context of holography (for e.g., [1, 2]); however, we
do not know the explicit construction of such CFTs yet. Unfortunately, there are few known
tools to access the dynamics of such theories. In this article, we will show how the fusion
matrix approach enables us to explore the Regge and light cone singularities of the conformal
blocks, for any value of central charge c and conformal dimensions of operators. As a result,
we determine the generic behavior of the Renyi entanglement entropy of locally excited state
and late time out-of-time ordered correlator.
1.1 Virasoro Block from Fusion and Monodromy Approaches
Many works studied the relation between the Virasoro blocks and the dual gravity in AdS3
[3–15]. Most of the works relied on the HHLL approximation, which is very useful when we
explore dynamics of light particles in black hole background, and treating back reactions as
perturbations. However, this treatment is not applicable to more interesting gravity dynamics
in which we can not treat back reactions as perturbations, such as black hole merger and other
quantum gravity effects. These phenomena require us to have knowledge of finite c correlators
with heavy external and intermediate operators. In order to study such correlators, it is natural
to look at singularity structure of correlators or conformal blocks, where we may have general
results. This is one of the motivations to clarify the Virasoro block asymptotics in the light cone
limit and the Regge limit in [16–19].
The study of the Virasoro conformal block is also motivated by the black hole information
paradox [20–23]. The fusion matrix approach explains the emergence of the forbidden singular-
ities and their resolution, and also it tells us that the late time behavior of the full-order Virasoro
block behaves as t−
3
2 instead of the exponential decay [24]. Both of the results are necessary, in
oerder to maintain unitary time evolution of pure state, and was numerically conjectured in [23].
We would also like to mention that the results (1.8) and (1.10) in [22] can be straightforwardly
obtained by using the light cone singularity (2.5).
There is an important tool to analyze the Virasolo block, called conformal bootstrap. The
conformal bootstrap utilizes OPE associativity of operators, which gives constraints on OPE
coefficients and operator spectrum. The numerical application of conformal bootstrap has led
to significant breakthroughs in investigating low-lying operators [1,25–28], the upper bound on
the gap from the vacuum [1,29,30] and the uniqueness of Liouville CFT [2]. Although it is very
1There are exceptions in holographic CFTs of interest. For example, we sometimes consider the D1-D5 CFT
in the holographic context, but in such a theory, there are many chiral primaries. Therefore, it is not classified as
pure CFTs.
2
difficult to analytically solve the bootstrap equation, we can sometimes do so in certain asymp-
totic regimes [16,17,31–38]. Against this backdrop, the fusion matrix approach provides a new
analytic method to access the CFT data by making use of the light-cone singularity of the Vi-
rasoro blocks. The light-cone bootstrap was first implemented in [39, 40], and there have been
subsequent advancements [41–47] as regards the light-cone bootstrap in higher-dimensional
CFTs. Nevertheless, there has been little knowledge of two-dimension CFTs with the appli-
cation of this method [48]. This is because there had been currently no explicit forms of the
light-cone singularity of Virasoro blocks. But now we have the explicit form of the light cone
singularity, and we can solve the light-cone bootstrap equation [19, 24]. Actually, as explained
in Section 2.2, the result in [19, 24] can be expressed by the following statement,
Fusion rules at large spinVα × Vβ|l→∞ in a pure CFT approach the fusion rules of
Liouville CFTs.2
This is the 2D counterpart of the fact that in higher-dimensional CFTs (d ≥ 3), the twist spec-
trum in the OPE between two primary states at large spin approaches the spectrum of double-
trace states in generalized free theories. Actually, these asymptotic fusion rules can be naturally
understood in the bulk.
In this paper, we also generalize the above results for 4-point conformal blocks to any n-
point 3 in Section 2.4. There are a lot of applications of this generalization and as one example,
we use them to evaluate the n-th Renyi entropy as explained in the next subsection. To avoid
the complicated calculations, we only present the results in Section 2.4 and present the detailed
calculations in Appendix B.
Hopefully, our fusion and monodromy matrix approaches will give answers to the inter-
esting questions in 2D CFTs, besides the applications presented herein. For example, we be-
lieve that the approaches are also useful to consider the generalization of the sparseness con-
dition [38, 51] from a torus partition function to a four point function. There is already such a
work based on the global conformal symmetry [52]. We expect that our approach reveals its
Virasoro version.
1.2 Entanglement Growth
One useful measure of entanglement is entanglement entropy, which is defined as
S A = −trρA log ρA, (1.1)
where ρA is a reduced density matrix for a subsystem A, obtained by tracing out its complement.
The Renyi entropy is a generalization of the entanglement entropy, which is defined as
S (n)A =
1
1 − n log trρ
n
A, (1.2)
2We do not mean that the large spin OPE coefficients in a pure CFT can be described by the DOZZ formula.
3 The n-point Virasoro block is also studied in [49] (see also [7]), which is the multi-point generalization of
Appendix E of [48] . The global limit of the n-point conformal block is given in [50].
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Figure 1: We probe the growth of entanglement between A and AC after a local quench in this
setup.
and the limit n→ 1 of the Renyi entropy defines the entanglement entropy S A.
Our interest in this paper is the dynamics of the entanglement entropy. In particular, we
consider entanglement entropy for a locally excited state |Ψ〉, which is defined by acting with a
local operator O(−l) on the CFT vacuum |0〉 in the following manner,4
|Ψ(t)〉 = √Ne−H−iHtO(−l) |0〉 , (1.3)
where N is the normalization factor. The infinitesimally small parameter  > 0 provides UV
regularization as the truly localized operator has infinite energy. We choose the subsystem A
to be the half-space and induce excitation in its complement, thus creating additional entan-
glements between them (see Figure 1). Then the main quantity of interest is the growth of
entanglement entropy compared to the vacuum:
∆S (n)A (t) = S
(n)
A (|Ψ(t)〉) − S (n)A (|0〉). (1.4)
This quantity is expected to capture the chaotic natures of CFTs. The entanglement entropy
in RCFT is studied in [53, 54], which shows that the growth of the entanglement entropy ap-
proaches constant in the late time limit. On the other hand, the entanglement entropy in holo-
graphic CFTs shows a logarithmic growth [6, 55]. This difference is thought to be due to the
chaotic nature of holographic CFTs. In other words, we expect that this late time behavior can
also be used as a criterion of chaotic nature of a given quantum field theory. (See also [56–62],
which revealed the growth of the entanglement entropy after a local quench in other setups.)
However, since there has been little knowledge of holographic CFTs, we have to rely on
some assumptions and approximations in the calculation of the entanglement entropy in holo-
graphic CFTs. In particular, most of such calculations are obtained by making use of the HHLL
approximation [3, 48], therefore, those results are limited to be perturbative in 1c . Moreover,
that approximation does not allow us to study conformal blocks with heavy-heavy-heavy-heavy
external operators, which means that we can not make use of it to study n-th Renyi entropy with
n ≥ 2.
1.2.1 Geometric Part of Entanglement Growth
Recently, one of the authors gave numerical results of the leading contribution of the n-th Renyi
entropy for a locally excited state by using the Zamolodhikov recursion relation [18], which
4We would like to stress that  in (1.3) is the ultraviolet (UV) cut off of the local excitations and should be
distinguished from the UV cut off (i.e.,the lattice spacing) of the CFT itself.
4
suggests that the time dependence of the entanglement entropy after a local quench with con-
formal dimension hO can be expressed as in the left figure 2. The growth of the n-th (n ≥ 2)
Renyi entropy compared to the vacuum ∆S (n)A (t) for a light local quench hO  c is given by
∆S (n)A (t) =
2nhO
n − 1 log
t

+ O
(
(t/)0
)
, (1.5)
whereas the n-th (n ≥ 2) Renyi entropy for a heavy local quench h0 ≥ c−132 shows a universal
growth as
∆S (n)A (t) =
nc
24(n − 1) log
t

+ O
(
(t/)0
)
. (1.6)
On the other hand, the entanglement entropy (i.e.,the limit n → 1 of the Renyi entropy) is just
given by the known behavior [6],
∆S A(t) =
c
6
log
t

+ O
(
(t/)0
)
. (1.7)
One of our main purposes is to give an analytic proof of these numerical observations and
improve the results to perfectly understand the n and hO dependence of ∆S
(n)
A (t) in the whole
region, including the white region in the left figure 2. We have to emphasize that our previous
result [18] also relies on the large c limit. In this article, we will relax this assumption, in that,
we will study the growth of the Renyi entropy in any CFTs with c > 1 and without chiral
Virasoro primaries.
The key point to accomplish this work is to understand the light cone singularity of the
Virasoro conformal blocks (i.e.,the limit z → 1 of the blocks) and the Regge singularity (i.e.,
the limit z → 0 after picking a monodromy as (1 − z) → e−2pii(1 − z)). This light cone limit is
often seen in studying the dynamics of the Lorentzian spacetime, as well as the Lorentzian late
time limit of the entanglement entropy after a local quench. Therefore, we have to understand
the light cone singularity for our purpose. The explicit form of the light cone singularity had
been unknown until quite recently, but one of the authors investigated this singularity numer-
ically [16, 18] and analytically [17], and from our findings, one of the authors succeeded in
understanding perfectly the light cone singularity by using the fusion matrix [19, 24]. We will
review this fusion matrix approach to derive the light cone singularity in Section 2.1. With this
backdrop, we can proceed in the analytic investigation beyond the previous works resorting to
the HHLL approximation [6], and in this article, we utilize this explicit form of the light cone
singularity to calculate the Renyi entropy after a local quench in the late time limit. Note that the
light cone singularity also appears in other several setups [63,64], which had already discussed
in previous paper [19].
Although the light cone singularity is useful to calculate the Renyi entropy, it is not capable
of evaluating the n-th (n < 2) Renyi entropy for a technical reason. If we want to go beyond n ≥
2, we need to know the Regge limit singularity. For this purpose, before calculating the Renyi
entropy, we first give the explicit form of the Regge singularity by the use of the monodromy
matrix in Section 3. Consequently, we completely clarify the behavior of the Renyi entropy
growth, including the white region in the left figure 2. Our analytic results are summarized in
the right figure 2, which are perfectly consistent with our previous numerical results.
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Figure 2: This figure shows the growth of the Renyi entanglement entropy compared to the
vacuum, ∆S (n)A (t). (Left) From the numerical calculations in [18], we shed light on the n and
hO dependence of ∆S
(n)
A (t) in the purple, green and red regions. However, we do not have any
information in the white region. (Right) Our new findings in this paper. Here we introduce the
Liouville notations; ha = α(Q − α) and c = 1 + 6Q2.
The highlight of our results is that the logarithmic growth can be seen not only in large c but
also in finite c. It had been expected that the logarithmic growth should be resolved if taking
the non-perturbative effects in 1/c into account and the full-order analysis leads to the time
dependence of the entanglement entropy that approaches a finite value. However, our results
show the logarithmic growth as in the right figure 2. Another key point is that the Renyi entropy
growth at late time has three phases as seen in the right figure 2. In other words, the derivative of
the Renyi entropy in n or hO is not continuous at n∗ = 2√1+3/c and hO =
c−1
32 . This contradicts the
assumption that the Renyi entropy would be analytic in n. Therefore, we have to consider this
exception if we use the replica method to evaluate the entanglement entropy at least in our setup
(see [65–69], in which we also face with a similar exception).Some other important properties
of the Renyi entropy in pure CFTs are summed up in Section 5.5.
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1.2.2 Topological Part of Entanglement Growth
We are also interested in the constant part of the Renyi entropy, at late time. Roughly speaking,
the late time form of ∆S (n)A (t) is,
∆S (n)A (t) = S
(n)geo
O log
t

+ S (n)
top
O + O
(
(t/)−1
)
, (1.8)
where the coefficient S (n)geoO is given as in the right figure 2 and the constant part S
(n)top
O does not
depend on time. Actually, as shown in Section 5, this constant part is relevant to a fusion matrix
(or a monodromy matrix). This constant part is interesting for the following reasons:
1. The Renyi entropy for an excited state in RCFTs had investigated in [53], which states
that the Renyi entropy takes the following form;
∆S (n)A (t) = − log F0,0[O] = log dO, (1.9)
where F0,0[O] denotes the fusion matrix F0,0[O] = F0,0
[
αO αO
αO αO
]
and dO is the quantum
dimension. That is, the entropy ∆S (n)A (t) can be interpreted as a measure of a quantum
dimension of O. On the other hand, the entropy ∆S (n)A (t) in pure CFTs grows logarith-
mically and in particular, it diverges in the limit t

→ ∞. We do not have clear physical
interpretation of this diverging entropy ∆S (n)A (t) in pure CFTs, unlike in the RCFT case.
However, we find that the fusion matrix also appears in the constant part S (n)topO (n ≥ 2) in
pure CFTs, as shown in Section 5.2. Therefore, we expect that this part plays a role similar
to (1.9). For general n, we show that limn→1 S (n)
top
O can be expressed by the monodromy
matrix of the cyclic orbifold Mn/Zn, instead of the fusion matrix. We expect that this
monodromy matrix can be re-expressed by the fusion matrix, but we leave it in the future.
2. In the limit where hO  c, the constant part of the entanglement entropy limn→1 S (n)topO
gives the Cardy entropy,
S (1)
top
O −−−→hOc S BH(O) = 2pi
√
c
6
(
hO − c24
)
. (1.10)
It means that S (1)topO has a physical interpretation as the Bekenstein-Hawking entropy. In
this article, we show that this B-H entropy comes from the monodromy matrix.
From these viewpoints, it is naturally expected that there is a certain relation between the
quantum dimension and the B-H entropy, because both of them come from a special element
of the monodromy matrix. 5 Possibly, our result gives a natural explanation of the conjecture
in [70]: For irrational CFTs, S (n)topO may be defined by
S (n)
top
O = − log lim
β→0
β2Fβ,β[O]. (1.11)
5The relation between the monodromy matrix and the fusion matrix is shown by (5.68).
7
The motivation for this definition is because we can obtain the Cardy entropy from this defini-
tion,
S (n)
top
O −−−→hOc S
cardy
O . (1.12)
However, this interesting story which is an analog of that in RCFTs, is not justified straightfor-
wardly. This is because we have to introduce an artificial regularization of the fusion matrix.
On the other hand, our result straightforwardly gives the Cardy entropy. In other words, our
approach may provide the complete understanding of the relation between the entanglement
entropy S (n)topO and the B-H entropy.
We comment that the fusion matrix has a physical interpretation as three-point function.
This fact comes from the analytic light cone bootstrap [19, 24] as explained in Section 2.2.
Roughly speaking, the fusion matrix (or the residue of that) is related to the OPE coefficient
with a large spin primary operator Op (with large hp) as
F0,h¯p[O] ∼ COOp. (1.13)
This relation may provide a key to understanding why the constant part of the growth ∆S A(t) is
given by the fusion matrix.
1.3 Out-of-Time Ordered Correlator
One criterion known to characterize quantum chaos is the so-called out-of time ordered corre-
lator (OTOC). The OTOC is defined by the inner product between two states: W(t)V |0〉β and
VW(t) |0〉β where the operators W and V are separated in space by x and in Lorentzian time t,
and β is an inverse temperature6. In this paper, we will deal with the normalized OTOC as
Cβ(x, t) ≡
〈V†W†(t)VW(t)〉β√
〈V†W†(t)W(t)V〉β 〈W†(t)V†VW(t)〉β
. (1.14)
In the time regime of our interest (t  β), the denominator is factorized as a simple form
〈V†V〉β 〈W†W〉β. 7 We usually obtain a Lorentzian correlator by the analytic continuation of
a Euclidean correlator so that the product of operators is time-ordered. On the other hand,
the OTOC is given by the unusual analytic continuation [72]. More precisely, we consider
the analytic continuation of the correlator 〈V†(z1, z¯1))V(z2, z¯2))W†(z3, z¯3))W(z4, z¯4))〉β so that the
order of the operators is given by the form 〈V†W†(t)VW(t)〉β. This is realized by setting the
insertion points of the operators on the thermal cylinder as
z1 = e
2pi
β (t+i1), z¯1 = e−
2pi
β (t+i1),
z2 = e
2pi
β (t+i2), z¯2 = e−
2pi
β (t+i2),
z3 = e
2pi
β (x+i3), z¯3 = e
2pi
β (x−i3),
z4 = e
2pi
β (x+i4), z¯4 = e
2pi
β (x−i4),
(1.15)
6The definition that we take here is the original that appeared in the context of black holes [71]. Clearly, OTOC
can be generalized to zero temperature and arbitrary operators.
7In fact, there is an exception of this decomposition rule of the four point function. This is discussed in Section
6.3.
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where we analytic continued the correlator to the real time under the assumption 1 < 3 < 2 <
4. From these expression, we can find that the time evolution of the cross ratio z = z12z34z13z24 is given
by the analytic continuation (1 − z) → e−2pii(1 − z). It means that the late time behavior of the
OTOC is given by the Regge limit of the correlator. This Regge limit simplifies the calculation
of the OTOC and consequently, we obtain a lot of information from the OTOC; in holographic
CFTs, we can show that the OTOC exponentially decay in the late time [72, 73], whereas this
exponential decay cannot be seen in non-chaotic CFTs, where the OTOC approaches non-zero
constant [74–76] or decays polynomially [77]. From this viewpoint, we expect that the late time
behavior of the OTOC may be a criterion of chaotic nature of a given quantum field theory, in
addition to the existing arguments on the Lyapunov exponent [72, 78, 79] (see also [80]).
Inopportunely, there had been the same problem as the calculation of the entanglement
entropy; the explicit form of the Regge singularity had been unknown, therefore, most of the
works rely on some assumptions, for example the HHLL approximation. In this paper, we give
the explicit form of the Regge singularity by studying the monodromy matrix, which is related
to the fusion matrix. Consequently, we obtain the analytic result about the late time behavior of
the OTOC.
In fact, our monodromy matrix approach can also shed light on the late time behavior of the
Liouvlle OTOC. The Liouville CFT attracts much attention as a tractable example of irrational
CFTs because it has known many developments [81], compared to other irrational CFTs. More-
over, it has the connection to the 3D gravity [70, 82] in some sense. We do not have any idea to
interpret this Liouville CFT/gravity connection in the context of the AdS/CFT correspondence,
nevertheless, we believe that the Liouville CFT plays an important role in understanding the
quantum gravity and the AdS/CFT correspondence (for relevant references, see [83]). In this
background, it is expected that the study of the Liouville OTOC gives a key to understanding
the Liouville CFT more clearly, therefore, we also studies the Liouville OTOC, apart from the
OTOC in the pure CFT.
Although we focus only on the late time behavior of the OTOC, our technique might be
also useful to study the OTOC in the scrambling regime. As pointed out in [84, 85], we have
to take the non-vacuum contributions into account to obtain the OTOC in the scrambling time.
In [86], it is investigated how the non-vacuum contributions appear in the OTOC by using the
Zamolodchikov recursion relation. The technical procedure in [86] is very similar to the study
of the entanglement growth [18] because both of them consider the Regge asymtotics of the
correlator. The analytic proof of conjectures in [18] from the Zamolodchikov recursion relation
is given by the fusion matrix approach (or more precisely, the monodromy matrix approach in
Section 3.1), which is developed in this paper. Therefore, it is natural to expect that our fusion
matrix approach should be also useful to clarify the non-vacuum contributions of the OTOC.
We will discuss this issue in more details in Section 6.4.
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2 Light Cone Bootstrap
2.1 Light Cone Singularity from Fusion Matrix
We will give the light cone singularity of the Virasoro conformal blocks. 8 In this paper, we
introduce the notation of the Virasoro block as follows,
F jikl (hp|z) ≡ . (2.1)
We first focus on a special case where hi = h j = hA and hk = hl = hB (but the other case is also
given later by (3.3)). The key point is that there are invertible fusion transformations between
s and t-channel conformal blocks. In more details, the fusion transformation of the vacuum
conformal block is given by the following form, 9
F AABB (0|z)
=
∑
αn,m<
Q
2
n,m∈Z≥0
Res
(
−2piiF0,αt
[
αA αA
αB αB
]
F ABAB (hαt |1 − z);αt = αn,m
)
+
∫ Q
2 +i∞
Q
2 +0
dαtF0,αt
[
αA αA
αB αB
]
F ABAB (hαt |1 − z),
(2.2)
where αn,m ≡ αA + αB + mb + nb−1 and kernel Fαs,αt denotes the fusion matrix (or crossing
matrix), and we introduce the notations usually found in Liouville CFTs,
c = 1 + 6Q2, Q = b +
1
b
, hi = αi(Q − αi), h¯i = α¯i(Q − α¯i). (2.3)
We would like to emphasize that the discrete terms come from the poles of the fusion matrix
(see Appendix A of [19]). The explicit form of the fusion matrix is presented in Appendix A.
Since the asymptotic behavior of the Virasoro blocks is given by
F jikl (hp|z) −−→z→0 z
hp−hi−h j , (2.4)
8 In this paper, the word light cone limit has two meanings as follows: For a chiral sector, it means the limit
z→ 1, whereas for the full correlator, it means the limit z→ 1 and z¯→ 0 (or z→ 0 and z¯→ 1).
9More precisely, if c ≤ 25, only the (n,m) = (0, 0) term contributes to the sum. However, this difference is not
important in this paper.
10
the light cone singularity is given by
F AABB (0|z)
−−→
z→1
∑
αn,m<
Q
2
n,m∈Z≥0
Res
(
−2piiF0,αt
[
αA αA
αB αB
]
;αt = αn,m
)
(1 − z)hαn,m−hA−hB
+
∫ Q
2 +i∞
Q
2 +0
dαtF0,αt
[
αA αA
αB αB
]
(1 − z)hαt−hA−hB .
(2.5)
This light cone singularity is first conjectured in [16,18] by using the Zamolodchikov recursion
relation (see Section 3.3), shown in [17] by using the monodromy method and shown in [19,24]
by using the fusion matrix.
We will note that the leading behavior of the integral part in the light cone limit is given by
the root of the integral αt =
Q
2 , which reduces the integral form to∫ Q
2 +i∞
Q
2 +0
dαtF0,αt
[
αA αA
αB αB
]
(1 − z)hαt−hA−hB
−−→
z→1
∂2αt
(
F0,αt
[
αA αA
αB αB
])∣∣∣∣∣∣
α= Q2
∫ Q
2 +i∞
Q
2 +0
dαt
(
αt − Q2
)2
(1 − z)hαt−hA−hB
= −i∂2αt
(
F0,αt
[
αA αA
αB αB
])∣∣∣∣∣∣
α= Q2
√
pi
8
(1 − z) Q
2
4 −hA−hB (− log(1 − z))− 32 .
(2.6)
Interestingly, this behavior can be universally seen for the conformal block with αA + αB >
Q
2
(where the discrete terms in (2.2) disappear) and in fact, we had already shown this universality
from the Zamolodchiklov recursion relation [16, 18].
2.2 Light-Cone Conformal Bootstrap
The light cone structure (2.5) made significant progress in the analytic bootstrap in 2D CFTs
[19, 24]. From this viewpoint, the fusion matrix has a physical interpretation as three-point
function. We will review [19, 24] in this section.
Here we assume that our unitary CFT has a central charge c > 1 and there is no chiral
Virasoro primaries (hence, no extra currents apart from the Virasoro current). We call such a
CFT a pure CFT. By definition, pure CFTs are classified as irrational CFTs. It is believed that
pure CFTs are ubiquitous and have holographic duals of generic quantum theories of gravity in
AdS3 (see [1, 2]).
The conformal bootstrap equation is the relation between different OPE coefficients Ci jk as
the following form, ∑
p
C12pC34pF 2134 (hp|z)F 2134 (h¯p|z¯)
=
∑
p
C12pC23pF 2314 (hp|1 − z)F 2314 (h¯p|1 − z¯).
(2.7)
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To solve this bootstrap equation at large spin, we focus on the case wherein h1 = h2 = hA and
h3 = h4 = hB in the limit z → 0. In the pure CFT, the left-hand side of this equation can be
approximated by the vacuum block as
F AABB (0|z)F AABB (0|z¯) =
∫
dhdh¯ ρAB(h, h¯)F ABAB (h|1 − z)F ABAB (h¯|1 − z¯). (2.8)
where we define ρAB(h, h¯) ≡ ∑p (CABp)2 δ(h − hp)δ(h¯ − h¯p). We freeze the holomorphic part by
the limit z→ 0 and factor out the anti-holomorphic part as
F AABB (0|z¯) =
∫
dh¯ ρAB(∞, h¯)F ABAB (h¯|1 − z¯). (2.9)
Here, we define the large spin spectral density,
ρAB(∞, h¯) ≡ lim
z→0
∫
dh ρAB(h, h¯)
F ABAB (h|1 − z)
F AABB (0|z)
. (2.10)
Upon comparing (2.9) and (2.2), we find that the twist spectrum in the OPE between OA and
OB at large spin can be expressed as
h¯ =

{α¯n,m(Q − α¯n,m) for n,m ∈ Z≥0 s.t. α¯n,m < Q2 } ∪ [ c−124 ,∞],
(if α¯A + α¯B <
Q
2 ),
[ c−124 ,∞], (if α¯A + α¯B ≥ Q2 ),
(2.11)
where α¯n,m ≡ α¯A + α¯B + mb + nb−1. This approach is the so-called light-cone bootstrap.
This spectrum has a simple interpretation. If we consider the analytic continuation of the
Liouville OPE to α <]0,Q[, we can obtain the following fusion rules [87],
VαA ×VαB =
∑
αn,m<
Q
2
n,m∈Z≥0
Vαn,m +
∫ Q
2 +i∞
Q
2 +0
dαVα, (2.12)
where Vα denotes a primary operator characterized by a conformal dimension h = α(Q − α).
Upon inspecting this fusion rule, we can straightforwardly observe that the twist spectrum (2.11)
exactly matches the spectrum originating from the fusion between primary operators in the
(extended) Liouville CFT (2.12). It means that the twist spectrum at large spin approaches that
of the (extended) Liouville CFT, in the same way that the twist spectrum at large spin in higher-
dimensional CFTs (d ≥ 3) approaches the spectrum of double-trace states in a generalized free
theory.
Moreover, the large spin spectral density with h¯ < c−124 is given by
ρAB(∞, h¯) =
∑
α¯n,m<
Q
2
n,m∈Z≥0
Res
(
−2piiF0,α¯t
[
α¯A α¯A
α¯B α¯B
]
; α¯t = α¯n,m
)
δ
(
h¯ − h¯α¯n,m
)
, (2.13)
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whilst the spectral density with h¯ ≥ c−124 ,
ρAB(∞, h¯α¯t) =
1
2
√
h¯α¯t − Q24
F0,α¯t
[
α¯A α¯A
α¯B α¯B
]
. (2.14)
Note that in the same way, we can relate the density of primary states to the modular S-
matrix. We define the degeneracy of primary states ρ(h, h¯) as ρ(h, h¯) =
∑
i, j Di, jδ(h−hi)δ(h¯− h¯ j),
where the function Di, j denotes the degeneracy of primary operators of weight (hi, h¯ j). Then,
the partition function can be expressed by
Z(τ, τ¯) =
∑
i, j
Di, jχhi(τ)χ¯h¯ j(τ¯) =
∫
dhdh¯ ρ(h, h¯)χh(τ)χ¯h¯(τ¯). (2.15)
If we define the large spin spectrum as
ρ(∞, h¯) ≡ lim
τ→i∞
∫
dh ρ(h, h¯)
χh
(
−1
τ
)
χ0(τ)
, (2.16)
then by using the modular bootstrap, we find that the large spin spectrum is given by
ρ(∞, h¯) = S (h¯, 0). (2.17)
where S (h, 0) is the modular S-matrix,
S (h¯, 0) = 2
√
2
(
h¯ − c − 1
24
)− 12
sinh
2pib
√
h¯ − c − 1
24

× sinh
2pib−1
√
h¯ − c − 1
24
 .
(2.18)
In particular, the asymptotic behavior of this spectrum reproduces the Cardy formula [31],
ρ(∞, h¯) −−−→
h¯→∞
e2pi
√
c−1
6 (h¯− c−124 ). (2.19)
More details can be found in Appendix of [19]. We have to mention that the relation (2.17)
holds only if we consider a CFT with c > 1 and without chiral Virasoro primaries. If we want to
consider minimal models, instead of the large spin spectrum (2.17), we should use the following
definition,
σ(∞, h¯) ≡ lim
τ→i∞
∫
dh σ(h, h¯)
e
2piih¯
τ
χ0(τ)
, (2.20)
where σ(b, h¯) is the degeneracy of primary and descendant operators of weight (h, h¯). We can
obtain the same relation as
σ(∞, h¯) = S (h¯, 0). (2.21)
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2.3 Twist Spectrum as Two Particle State in AdS3
The light-cone conformal bootstrap affords us the large spin spectrum (2.11), which has discrete
and continuous sectors. The bulk dual of the continuous sector is also just the spinning BTZ
black hole. The discrete spectrum can be interpreted as spinning two-particle states in AdS 3.
This interpretation can be naturally understood by the helical multi-particle solutions in AdS 3
[88, 89]. We focus on chiral solutions to pure 3D gravity,
ds2 = l2
(
−(dt − A)2 + e−2φdzdz¯
)
, (2.22)
where function φ and the one-form A are defined on the base space parameterized by z, z¯
(see [88] for more details). The curves of constant z in this background are geodesics, and
in particular, these curves describe a spinning particle trajectory in global AdS3. This means
that two-particle states can be described by the Liouville theory in some sense.
From the Brown–Henneaux boundary of these two-(scalar) particle solutions with mass 2hA
and 2hB in AdS3, we can obtain the relation h¯ = α¯0,0(Q − α¯0,0), which is the lowest-energy state
in the twist spectrum (2.11). It is naturally expected that at the quantum level, the spectrum
of this two-particle state can be described by the fusion rules of the extended Liouville CFT
(2.12), and therefore, we can conclude that the twist spectrum of this two-particle state is given
as h¯ = α¯n,m(Q − α¯n,m), n,m ∈ Z≥0 s.t. h¯ < c−124 .
We comment on the difference between three- and higher-dimensional AdS. It is naturally
expected that at large spin, these two particles are well separated, as the interactions between
two objects become negligible at large angular momentum. In fact, this expectation holds true
in higher dimensions, and the twist spectrum is merely given as τ = τA + τB + 2n, n > 0.
This result can be translated into the fact that the twist spectrum at large spin approaches that of
double-trace states in a generalized free theory, which is the dual of free quantum field theories
in AdSd≥4. However, gravitational interactions in AdS3 create a deficit angle, and their effect
can be detected even at infinite separation. Therefore, we can observe the universal anomalous
dimension δτ = τ − (τA + τB + 2n) in the dual CFT, which is always negative for non zero τA
and τB because of the gravitational interaction. Our result suggests that this universal anomalous
dimension is governed by the Liouville theory instead of free quantum field theories. This might
be closely related to [70].
2.4 Singularity of n-point Block
In Section 2.2, we give the light cone singularity of the 4-point conformal blocks. In this
section, we will generalize this result to n-point conformal blocks. Any n-point function can be
decomposed in terms of the n-point conformal partial waves 10 in comb channel as
〈On(zn, z¯n)On−1(zn−1, z¯n−1) . . .O2(z2, z¯2)O1(z1, z¯1)〉
=
∑
p1,p2,...
C12p1Cp13p2Cp24p3 · · ·Cpn−4,n−2,pn−3Cpn−3,n−1,n
∣∣∣∣F h1,h2,...,hnhp1 ,hp2 ,...,hpn−3 (z1, z2, . . . , zn)∣∣∣∣2 , (2.23)
10 Here we make distinction between conformal block and conformal partial wave. Up until now, we have called
a conformal partial wave as a conformal block only when it depends on the cross ratios.
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where the comb channel is defined by
F h1,h2,...,hnhp1 ,hp2 ,...,hpn−3 (z1, z2, . . . , zn) ≡ . (2.24)
In Appendix B, we provide the more explicit definition of n-point partial waves(see (B.13)).
The singularity of the n-point partial wave can be also given by using the fusion matrix. The
result is as follows,
F h1,h2,...,hk ,hk+1,hk+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+2, zk+3, . . . , zn)
−−−−−−−→
zk+2,k+1→0

Res
(
−2pii Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
;αqk = αpk−1,pk+1
)
(zk+2 − zk+1)hpk−1 ,pk+1−hk+1−hk+2
×F h1,h2,...,hk ,hpk−1 ,pk+1 ,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αpk−1,pk+1 <
Q
2 , αk+1,k+2,
Res
(
−2pii Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
;αqk = αk+1,k+2
)
(zk+2 − zk+1)hk+1,k+2−hk+1−hk+2
×F h1,h2,...,hk ,hk+1,k+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αk+1,k+2 <
Q
2 , αpk−1,pk+1 ,
−i∂2αqk Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]∣∣∣∣∣∣
αqk =
Q
2
√
pi
8 (zk+2 − zk+1)
Q2
4 −hk+1−hk+2 (− log(zk+2 − zk+1))− 32
×F h1,h2,...,hk , Q
2
4 ,hk+3...hn
hp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3
(z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αk+1,k+2, αpk−1,pk+1 >
Q
2 ,
(k = 2, 3, · · · , n − 4)
(2.25)
where αi, j ≡ αi + α j and hi, j ≡ αi, j(Q− αi, j). We postpone the detailed calculations to Appendix
B. In the above, we restrict ourselves to the special limits zk+2,k+1 → 0. Actually, we can evaluate
more general limits by using the braiding matrix B()αp,αq , which is is defined by 11
=
∑
αq
B()αp,αq
[
α j αi
αk αl
]
. (2.26)
Below we only present an important special result from the braiding matrix and present the more
general results and the detailed calculation in Appendix B, as the calculation is complicated.
11In fact, the braiding matrix can be re-expressed in terms of the fusion matrix (see (5.64)).
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In Section 5.2, we need the following asymptotics,
lim
→0
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1 + ) , β =
{
2α, if α < Q4 ,
Q
2 , if α >
Q
4 ,
(2.27)
and this asymptotic behavior can be expressed by
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1 + )
−−→
→0

(∏n−4
k=1
∫
S dαqk Bα,αqk
[
α αqk−1
2α α
])
Res
(
−2pii Bα,αqn−3
[
α αqn−4
2α α
]
;αqn−3 = 2α
)
×F h2α,h2α··· ,h2α,h2αhq1 ,hq2 ,··· ,hqn−4 (z2, z3, · · · , zn−1, z1) 
h2α−2hα , if α < Q4 ,(∏n−4
k=1
∫
S dαqk Bα,αqk
[
α αqk−1
Q
2 α
]) −i √pi8 ∂2αqn−3 Bα,αqn−3
[
α αqn−4
Q
2 α
]∣∣∣∣∣∣
αqn−3 =
Q
2

×F Q
2
4 ,
Q2
4 ··· , Q
2
4 ,
Q2
4
hq1 ,hq2 ,··· ,hqn−4 (z2, z3, · · · , zn−1, z1) 
Q2
4 −2ha (− log )− 32 , if α > Q4 ,
(2.28)
where αq0 = 0. To avoid cumbersome expressions, we introduce the following shorthand nota-
tion,
fhα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1) ≡

lim→0
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1,z2,z3,··· ,zn−1,z1−)
h2α−2hα , if α <
Q
4 ,
lim→0
F hα,
q2
4 ,··· ,
Q2
4 ,hα
hα,··· ,hα (z1,z2,z3,··· ,zn−1,z1−)

Q2
4 −2ha(− log )−
3
2
, if α > Q4 ,
(2.29)
where we flip the sign of  in F hα,hβ,··· ,hβ,hαhα,··· ,hα for later convenience. We will call it the regularized
partial wave. Note that in the test mass limit (c → ∞ with hα fixed), the regularized partial
wave with a special set of zi’s reduces to a simple form as
fhα,hβ,··· ,hβ,hαhα,··· ,hα
(
e2pii
1
n , e2pii
2
n , e2pii
3
n , e2pii
4
n , · · · , e2pii n−1n , e2pii nn , e2pii 1n
)
−−−−→
hα
c →0
(−1)nhα
 12 sin (pin )

2nhα
.
(2.30)
For later use, we introduce the following notation,
f(hα) ≡
fhα,hβ,··· ,hβ,hαhα,··· ,hα
(
e2pii
1
n , e2pii
2
n , e2pii
3
n , e2pii
4
n , · · · , e2pii n−1n , e2pii nn , e2pii 1n
)
(−1)nhβ
(
1
2 sin( pin )
)2nhβ (2.31)
In particular, this quantity approaches 1 in the test mass limit, that is, lim hα
c →0f(hα) = 1.
Moreover we expect that the identity f(hα) = 1 is satisfied for any α but there is no proof for
now.
These fusion transformations in multi-point conformal partial waves have a number of po-
tential applications. In Section 5, we will apply them to evaluating the evaluation of the Renyi
entropy via the replica method.
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3 Regge Singularity from Monodromy Matrix Approach
3.1 Regge Singularity from Monodromy Matrix
In 2D CFTs, the Regge limit is defined by the limit z, z¯ → 0 after picking up a monodromy
around z = 1 as (1 − z) → e−2pii(1 − z). 12 In the same way as the light cone singularity, we can
also derive this Regge singularity from the monodromy matrix.
Let us denote the contribution of the monodromy around z = 1 to the conformal block by
the monodromy matrix as
F AABB (hp|z) −−−−−−−−−−−→
(1−z)→e−2pii(1−z)
∫
S′
dα Mαp,α
[
αA αA
αB αB
]
F AABB (hα|z), (3.1)
where the contour S′ runs from Q2 to
Q
2 + i∞, and also runs anti-clockwise around α = 2αA +
mb + nb−1 < Q2 and α = 2αB + mb + nb
−1 < Q2 . In fact, this monodromy matrix can be expressed
in terms of the fusion matrix as 13
Mαp,α
[
αA αA
αB αB
]
=
∫
S
dβ e−2pii(hβ−hA−hB) Fαp,β
[
αA αA
αB αB
]
Fβ,α
[
αA αB
αA αB
]
, (3.2)
where the contour S runs from Q2 to
Q
2 + i∞, and also runs anti-clockwise around β = αA + αB +
mb + nb−1 < Q2 for m, n ∈ Z≥0. From the t-channel representation, the contribution from the
monodromy around z = 1 is simply given by the phase factor, therefore, we can re-express the
monodromy matrix by the simple form in terms of the fusion matrix (see Figure 3). We will
verify this relation between the monodromy matrix and the fusion matrix directly in the Ising
model in Appendix C.
At this stage, we find that in the same way as the fusion transformation (2.2), there are
contributions from the pole of the monodromy matrix associated to those of the fusion matrix
in the integrand. To proceed further, we need the fusion transformation law of the conformal
block F ABAB (hαs |z), instead of the block F AABB (0|z).
F ABAB (hαs |z)
=
∑
α(I)n,m<
Q
2
n,m∈Z≥0
I=A,B
Res
(
−2piiFαs,αt
[
αA αB
αA αB
]
F AABB (hαt |1 − z);αt = α(I)n,m
)
+
∫ Q
2 +i∞
Q
2 +0
dαtFαs,αt
[
αA αB
αA αB
]
F AABB (hαt |1 − z),
(3.3)
12Like the light cone limit, the word Regge limit also has two meanings as follows: For a chiral sector, it means
the limit z → 0 after picking a monodromy around z = 1, whereas for the full correlator, it means the limit z → 0
with the monodromy around z = 1 and z¯→ 0 without crossing any branch cuts of the conformal block.
13This definition is equivalent to that introduced in [90] (see (5.65)).
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where α(I)n,m ≡ 2αI + mb + nb−1. In particular, we find that the light cone singularity of this type
of the block is given by
F ABAB (hαs |z) −−→z→1

Res
(
−2piiFTαs,αt[αA, αB];αt = 2αA
)
(1 − z)h2αA−2hA , if αA < Q4 , αB,
Res
(
−2piiFTαs,αt[αA, αB];αt = 2αB
)
(1 − z)h2αB−2hA , if αB < Q4 , αA,
−i∂2αt FTαs,αt[αA, αB]
∣∣∣
αt=
Q
2
√
pi
8 (1 − z)
Q2
4 −2hA (− log(1 − z))− 32 , if αA, αB > Q4 ,
(3.4)
where we abbreviate the fusion matrix Fαs,αt
[
αA αB
αA αB
]
as FTαs,αt[αA, αB], which is consistent
with our previous result [16] (see Section 3.3).
From this pole structure of the fusion matrix FTαs,αt[αA, αB], we can find that the pole structure
of the monodromy matrix is given by
F AABB (hp|z) −−−−−−−−−−−→
(1−z)→e−2pii(1−z)
∑
α(I)n,m<
Q
2
n,m∈Z≥0
I=A,B
Res
(
−2piiMαp,α
[
αA αA
αB αB
]
F AABB (hα|z);α = α(I)n,m
)
+
∫ Q
2 +i∞
Q
2 +0
dα Mαp,α
[
αA αA
αB αB
]
F AABB (hα|z).
(3.5)
In particular, this result leads to the explicit form of the Regge limit as
F AABB (hp|z) −−−−−−−→Regge limit

Res
(
−2piiMαp,α[αA, αB];α = 2αA
)
zh2αA−2hA , if αA <
Q
4 , αB,
Res
(
−2piiMαp,α[αA, αB];α = 2αB
)
zh2αB−2hA , if αB <
Q
4 , αA,
−i∂2α Mαp,α[αA, αB]
∣∣∣
α= Q2
√
pi
8 z
Q2
4 −2hA (− log z)− 32 , if αA, αB > Q4 , (3.6)
where we used the saddle point analysis as in (2.6). For simplicity, we abbreviate the mon-
odromy matrix Mαp,α
[
αA αA
αB αB
]
as Mαp,α[αA, αB].
This result exactly reproduces the numerical results of the Regge singularity [18]. In par-
ticular, when we set hA = c24
(
1 − 1n2
)
and hB = nhO, we obtain the Renyi entanglement entropy
after a local quench, which are perfectly consistent with the numerical observations (1.5)∼(1.7).
We will explain it in more details later. Note that the Regge singularity for αA, αB >
Q
4 had been
derived by using the light cone singularity, which is the so-called Regge limit universality [19].
3.2 HHLL Virasoro Block and Regge Singularity
As a consistency check of (3.6), we consider the Regge limit of the HHLL conformal block
at large c, focusing on the residue of the monodromy matrix Mαp,α[αL, αH] at the leading pole
α = 2αL, where we have αL ≈ bhL and αH = O(b−1). 14 The residue can be expressed as
14In this paper, ≈ means an approximation by extracting a leading contribution.
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① Fusion matrix
② Phase factor
ିଶగ௜ ௛ഁି௛ಲି௛ಳ③ Fusion matrix
Figure 3: The monodromy matrix is given by three steps; (1) fusion transformation, (2) picking
up a trivial phase factor, and (3) fusion transformation.
Res
(
Mαp,α[αL, αH];α = 2αL
)
=
∫
S
dβ Fαp,β
[
αL αL
αH αH
]
e−2pii(hβ−hL−hH)Res
(
Fβ,α
[
αL αH
αL αH
]
;α = 2αL
)
.
(3.7)
Let us first consider the vacuum block with two heavy operators beyond the threshold and
two light operators, namely we assume αp = 0, αL = bhL + O(b2) and αH =
Q
2 + ib
−1 p. In the
HHLL limit, Res
(
Fβ,α
[
αL αH
αL αH
]
;α = 2αL
)
does not have poles in terms of β, and the poles of
Fαp,β
[
αL αL
αH αH
]
are all simple and located at β = αH + αL + mb with m ∈ Z≥0. Therefore, by
summing up the residues at large c and using (B.10) and (6.6) of [24], we have
Res
(−2piiM0,α[αL, αH]; 2αL) −−−−−−−→
HHLL limit
(
ip
sinh (2pip)
)2hL
=
(
i
2
γH
sin (piγH)
)2hL
, (3.8)
with γH =
√
1 − 24hHc . Then the Regge limit of the HHLL block is given by
F LLHH(0|z) −−−−−−−→Regge limit
(
i
2
γH
sin (piγH)
)2hL
, (3.9)
which coincides exactly with the Regge limit of the HHLL block obtained in [48].
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Let us turn our eyes on nonzero, order one hp case, with αL ≈ bhL and αH ≈ ηb−1 (0 ≤ η ≤
1
2 ). In this case, Res
(
Fβ,α
[
αL αH
αL αH
]
;α = 2αL
)
does not have poles in terms of β again. On the
other hand, Fαp,β
[
αL αL
αH αH
]
has double and simple poles at β = αH + αL + mb. By summation
of these residues and double residues in the HHLL limit, using (B.10) and (6.12) of [24], one
can show
Res
(
−2piiMαp,α[αL, αH];α = 2αL
)
−−−−→
hL
c →0
e2piihL(1−γH)
(
1 − e−2piiγH
γH
)−2hL+hp
2F1[hp, hp, 2hp; 1−e−2piiγH ].
(3.10)
Then the Regge limit of the HHLL conformal block is given by
F LLHH(hp|z) −−−−−−−→Regge limit e
2piihL(1−γH)
(
1 − e−2piiγH
γH
)−2hL+hp
2F1[hp, hp, 2hp; 1 − e−2piiγH ], (3.11)
which coincides exactly with the Regge limit of the HHLL conformal block with a generic
intermediate state obtained in [3].
3.3 General Solutions to Zamolodchikov Recursion Relation
Besides the light cone singularity, the Regge singularity has also analyzed by the Zamonod-
chikov recursion relation [18]. 15 We will review our previous results and check the consistency
with our new result for the Regge singularity (3.6).
In general, the conformal block can be decomposed into a universal part Λ2134(hp|q) and a
non-trivial part H2134(hp|q) as
F 2134 (hp|z) = Λ2134(hp|q)H2134(hp|q), q(z) = e−pi
K(1−z)
K(z) , (3.12)
where K(x) is the elliptic integral of the first kind. The explicit form of Λ2134(hp|q) is
Λ2134(hp|q) = (16q)hp−
c−1
24 z
c−1
24 −h1−h2(1 − z) c−124 −h2−h3(θ3(q)) c−12 −4(h1+h2+h3+h4). (3.13)
The non-trivial part H2134(hp|q) is recursively defined as follows. For simplicity, we expand
H2134(hp|q) as
H2134(hp|q) = 1 +
∞∑
k=1
ck(hp)qk, (3.14)
15This recursion relation is first derived in [91, 92], developed by [93] and recently used in the context of the
bootstrap [2, 23, 94–96] and the calculation of the entanglement entropy or the OTOC [18, 86, 97].
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then the coefficients ck(hp) can be calculated by the following recursion relation, 16
ck(hp) =
k∑
i=1
∑
m=1,n=1
mn=i
Rm,n
hp − hm,n ck−i(hm,n + mn), (3.15)
where Rm,n is a constant in q, which is defined by
Rm,n = 2
m−1∏
p=−m+1
p+m=1(mod 2)
n−1∏
q=−n+1
q+n=1(mod 2)
(
λ2 + λ1 − λp,q
) (
λ2 − λ1 − λp,q
) (
λ3 + λ4 − λp,q
) (
λ3 − λ4 − λp,q
)
m∏
k=−m+1
n∏
l=−n+1
(k,l),(0,0),(m,n)
λk,l
.
(3.16)
In the above expressions, we used the notations,
c = 1 + 6
(
b +
1
b
)2
, hi =
c − 1
24
− λ2i ,
hm,n =
1
4
(
b +
1
b
)2
− λ2m,n, λm,n =
1
2
(m
b
+ nb
)
.
(3.17)
Our previous numerical computations suggest that the solution cn for large n takes the simple
Cardy-like form of
cn ∼ ξnnαeA
√
n for large n  c, (3.18)
where
ξn =
 δn,even × sgn
[(
hA − c−132
) (
hB − c−132
)] n2
, for F AABB (hp|z),
1, for F BABA (hp|z).
(3.19)
The parameters A and α are non-trivial, depending on the external conformal dimensions and
the central charge as follows,
F AABB (hp|z) case: (For simplicity, we assume hB ≥ hA, but it does not matter.)
A =

2pi
√
Q2
4 − hA − hB + 2αAαB, if hA.hB > c−132 ,
pi
√
Q2
4 − 2hA, if hB > c−132 > hA,
0, if c−132 > hA, hB,
(3.20)
α =
{
2(hA + hB) − c+58 , if hA.hB > c−132 ,
4(hA + hB) − c+94 , otherwise .
(3.21)
16The relation between this recursion relation for ck(hp) and the original recursion relation [91,92] can be found
in [23], which gives an explanation how to solve the recursion relation efficiently in a very nice way.
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F BABA (hp|z) case: (For simplicity, we assume hB > hA, but it does not matter.)
A =
 2pi
√
Q2
4 − h2αA , if hA < c−132 ,
0, if hA > c−132 ,
(3.22)
α =
{
2(hA + hB) − c+58 , if hA < c−132 ,
4(hA + hB) − c+94 , if hA > c−132 .
(3.23)
We find that the summands in HBABA(hp|q) are always positive, therefore, we can use the
approximation, ∑
n∈Z≥0
ξnnαeA
√
nqn −−−→
q→1
 e− A
2
4 log q
(
log q
)− 32−2α , if A > 0,(
log q
)−1−α , if A = 0. (3.24)
Inserting the expression for A (3.22) into this approximation form provides the light cone sin-
gularity,
F ABAB (hp|z) −−→z→1
 (1 − z)h2αA−2hA , if hA < c−132 ,(1 − z) Q24 −2hA (log(1 − z))− 32 , if hA > c−132 , (3.25)
where we used the aymptotics of the elliptic nome,
log q(z) −−→
z→1
pi2
log 1−z16
(3.26)
These behaviors perfectly match (3.4). Alternatively, we can also say that our analytic derivation
of the asymptotic properties supports our conjecture for the general solution to the Zamolod-
chikov recursion relation.
The situation for the block F AABB (hp|z) is more complicated because of the intricate sign
pattern (3.19). For hA, hB > c−132 or hA, hB <
c−1
32 , we find ξnq
n with q ∼ 1 to be always positive,
therefore, we can approximate HAABB(hp|q) in the same way as HABAB(hp|q),∑
n=0,2,4,···
ξnnαeA
√
nqn −−−→
q→1
 e− A
2
4 log q
(
log q
)− 32−2α , if A > 0,(
log q
)−1−α , if A = 0. (3.27)
This provides the light cone singularity as
F AABB (hp|z) −−→z→1
 (1 − z)−2αAαB , if hA, hB < c−132 ,(1 − z) Q24 −hA−hB (log(1 − z))− 32 , if hA, hB > c−132 , (3.28)
which is consistent with (2.5) and (2.6). On the other hand, the sign pattern ξn for hB > c−132 > hA
spoils the approximation (3.27) in the limit q → 1. Nevertheless, we can derive interesting
results from the general solution to the recursion relation. In fact, the Regge asymptotics of the
elliptic nome is given by
q(z) −−−−−−−→
Regge limit
ie
pi2
4 log z16 ∼ i, (3.29)
22
therefore, ξ2nq2n is always positive in the Regge limit. As a result, we obtain the Regge limit of
the block as
F AABB (hp|z) −−−−−−−→Reege limit O(1), if hB >
c − 1
32
> hA, (3.30)
which is consistent with the Regge limit of the HHLL Virasoro block. But now we know the
more accurate asymptotics in the Regge limit from the monodromy matrix approach (3.6). That
is, we can go beyond the HHLL approximation in our way. From the Regge asymptotics (3.6),
we can deduce that the improved version of (3.20) is
A =

2pi
√
Q2
4 − hA − hB + 2αAαB, if hA.hB > c−132 ,
pi
√
Q2
4 − h2αA , if hB > c−132 > hA,
0, if c−132 > hA, hB.
(3.31)
We would like to mention that there results for the solution to the recursion relation are
useful to investigate unknown Virasoro blocks by the recursion relation. The computational time
complexity to calculate cn up to n = N by the method [23] is roughly O(N3(log N)2). Therefore,
we do not want to calculate cn for very large n. Now that we have the asymptotics of cn for large
n, we can use it instead of calculating them. On the other hand, the coefficients cn for lower n
can be calculated easily by the numerical method. That is, combining numerical calculation and
analytical asymptotics, we can investigate unkown Virasoro blocks very efficiently (see Figure
4).
Numerically 
tractable
Analytically 
tractable
Figure 4: The coefficients cn for small n can be calculated numerically. On the other hand,
the coefficients for large n can be analytically evaluated by using the fusion or the monodromy
matrix approaches.
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4 Bulk Interpretation of Light Cone and Regge limit Singu-
larities
The results for the light cone and the Regge limit singularities are given by (2.5), (3.4) and (3.6).
We can simply interpret them by using diagrams as in Figure 5. To make clearer, we exhibit the
explicit relation between the Liouville momentum and the deficit angle; φ = 4piQ α. We expect
that the OPE limit of the Virasoro block is obtained by a product of the propagations in AdS3
without taking account of the backreaction. For example, the trivial OPE limit (z → 0) can be
calculated by a product of three parts z−hA , z−hA and zhp , which reproduces the well-known OPE
singularity zhp−2hA (see the upper left of Figure 5). On the other hand, it is naturally expected
from the expression of the light cone singularity that if we take z close to 1, then two operators
OA and OB fuse into a particular operator, which is described by the sum of deficit angles φA+φB
and the conformal block is given by a product of three parts (1− z)−hA , (1− z)−hA and (1− z)hαA+αB
as in the upper right of Figure 5. In the same way, the Regge limit is described by a diagram
with the intermediate deficit angle, min{2φA, 2φB}, as in the lower of Figure 5. These are just
natural and simple diagram expressions and we do not have any evidence for this interpretation.
However, we believe that this interpretation (in term of the deficit angle fusion) would capture
the essence of the relation between the Virasoro block and the geodesics. We plan to return this
challenge of understanding the connection in the future.
5 Renyi Entropy after Local Quench
Now, we are ready to calculate the Renyi entanglement entropy. As mentioned in the introduc-
tion, we will consider a locally excited state,
ρ(t) = Ne−H−iHtO(−l) |0〉 〈0|O†(−l)e−H+iHt = NO(w1, w¯1) |0〉 〈0|O†(w2, w¯2), (5.1)
where N is a normalization factor trρ(t) = 1 and we define
w1 = −i( + it) − l, w¯1 = i( + it) − l,
w2 = i( − it) − l, w¯2 = −i( − it) − l. (5.2)
In the path integral formalism, the Renyi entanglement entropy can be described as [98]
trρnA =
∫
Σn
Dφ O1O†1O2O†2 · · · e−S(∫
Σ1
Dφ OO†e−S
)n (5.3)
where Σn is the n-sheeted manifold and we label the operator on i-th sheet as Oi (see Figure 6).
From this path integral description of trρnA, we get the growth of the entanglement entropy in
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Figure 5: The simple interpretation of the light cone limit and Regge limit singularities. The
left upper figure shows the trivial OPE singularity zhp−2hA . The upper right figure shows the light
cone singularity (2.5), which predicts that the interaction between OA and OB is characterized
by the linear combination of their deficit angles {φA, φB}, or equivalently, by the fusion rule of
the Liouville CFT (2.12). The lower figure shows the Regge limit singularity (3.6).
terms of the operator formalism as
∆S (n)A =
1
1 − n
log
∫
Σn
Dφ O1O†1O2O†2 · · · e−S(∫
Σ1
Dφ OO†e−S
)n − log
∫
Σn
Dφ e−S(∫
Σ1
Dφ e−S
)n

=
1
1 − n
log
∫
Σn
Dφ O1O†1O2O†2 · · · e−S∫
Σn
Dφ e−S − log
(∫
Σ1
Dφ OO†e−S
)n(∫
Σ1
Dφ e−S
)n

=
1
1 − n log
〈O(w(1)1 , w¯(1)1 )O†(w(1)2 , w¯(1)2 )O(w(2)1 , w¯(2)1 )O†(w(2)2 , w¯(2)2 ) · · · 〉Σn
〈O(w1, w¯1)O†(w2, w¯2)〉nΣ1
,
(5.4)
where we label the insertion points of the operators on i-th sheet as w(i). Therefore, all we need
to do is to calculate the 2n-point function on the n-sheeted manifold. Here, we focus on the late
time (t > l) behavior of the Renyi entanglement entropy. Looking at the time dependence of the
insertion points (5.2) shows that the  → 0 limit is NOT the usual OPE limit but the light cone
OPE limit. Figure 7 shows the insertion points of the local operators in the late time (t > l). The
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sheets
Figure 6: The n-sheeted manifold Σn. The holomorphic insertion points of operators are given
by (5.2) on each sheet. We label the operator on i-th sheet as Oi.
 → 0 limits of the anti-holomorphic parts are formally given by
〈O1O†1O2O†2 · · ·〉 −−→
→0
〈O1O†1〉 〈O2O†2〉 · · · , (5.5)
whereas the  → 0 limits of the holomorphic parts are
〈O1O†1O2O†2 · · ·〉 −−→
→0
〈O1O†2〉 〈O2O†3〉 · · · . (5.6)
This type of limit is called the light cone limit. For example, the light cone limit of a four point
function 〈O4(∞)O3(1)O2(z, z¯)O1(0)〉 is defined in terms of the cross ratio as (z, z¯) → (1, 0) (see
Section 2.2), which means that the holomorphic part of O2 approaches O1, whereas the anti-
holomorphic part of O2 approaches O3, instead of O1. This light cone limit leads to a nontrivial
singularity, so-called the light cone singularity.
In the limit where w¯(m)1 −−→→0 w¯
(m)
2 , the 2n-point function can be approximate by the vacuum
Virasoro block as
〈O(w(1)1 , w¯(1)1 )O†(w(1)2 , w¯(1)2 )O(w(2)1 , w¯(2)1 )O†(w(2)2 , w¯(2)2 ) · · · 〉Σn
〈O(w1, w¯1)O†(w2, w¯2)〉nΣ1
−−→
→0
CnF (0|w(m)i )F (0|w¯(m)i ), (5.7)
where Cn is the universal part of the correlation function (which is explained later) and the
channel of the block is chosen as the following form,
26
time
limit
time
limit
Figure 7: The holomorphic and anti-holomorphic insertion points of local operators in the late
time (t > l).
F (0|w(m)i ) ≡
= .
(5.8)
In the second line, we re-expressed the block by the trivial fusion transformation. Here we have
to mention that the approximation (5.7) is justified only in a pure CFT (which is defined in
Section 2.2).
To proceed further, we need an explicit asymptotic form of the Virasoro conformal blocks in
the light cone limit, which was unknown until the recent works of numerical estimations [16,18]
and analytic proofs [17, 19, 24]. In this article, we make use of the results [17, 19, 24] for our
purpose.
5.1 2nd Renyi Entropy after Local Quench
We first give the concrete calculation of the 2nd Renyi entropy in the following. After that,
we will generalize the results to any n. For simplicity, we assume that the interval A is semi
infinite. In this case, we can map the n-sheeted manifold Σn to a sphere Σ1 by the conformal
transformation,
w = zn, (5.9)
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which maps the insertion points {w(m)i } on the 2-sheet manifold to
z(1)1 = −z(2)1 =
√−i + t − l,
z(1)2 = −z(2)2 =
√
i + t − l,
z¯(1)1 = −z¯(2)1 =
√
i − t − l,
z¯(1)2 = −z¯(2)2 =
√−i − t − l.
(5.10)
When considering the time dependence, we have to take the branch cut of z =
√
w into ac-
count. It means that if it is after t = l, the coordinate z(1)1 (= −z(2)1 ) =
√−i + t − l is replaced by
epii
√−i + t − l, whereas the other coordinates are left unchanged. In the following, we particu-
larly focus on the regime t > l.
If we define the cross ratio as
z =
(z(1)1 − z(1)2 )(z(2)1 − z(2)2 )
(z(1)1 − z(2)1 )(z(1)2 − z(2)2 )
=
1
2
1 − l − t√
(l − t)2 + 2
 ,
z¯ =
(z¯(1)1 − z¯(1)2 )(z¯(2)1 − z¯(2)2 )
(z¯(1)1 − z¯(2)1 )(z¯(1)2 − z¯(2)2 )
=
1
2
1 − l + t√
(l + t)2 + 2
 ,
(5.11)
then we can show that the four point function in (5.4) can be expressed by
〈O(w(1)1 , w¯(1)1 )O†(w(1)2 , w¯(1)2 )O(w(2)1 , w¯(2)1 )O†(w(2)2 , w¯(2)2 )〉Σ2
〈O(w1, w¯1)O†(w2, w¯2)〉2Σ1
= (z(1 − z))2hO (z¯(1 − z¯))2h¯O G(z, z¯),
(5.12)
where G(z, z¯) is the four point function
G(z, z¯) = 〈O(∞)O†(1)O(z, z¯),O†(0)〉 . (5.13)
From the expression of the cross ratio, we can find that in the late time (t > l),
z = 1 − 1
4
(

l − t
)2
+ O(4),
z¯ =
1
4
(

l + t
)2
+ O(4),
(5.14)
which mean that the  → 0 limit is just the light cone limit (z, z¯) → (1, 0). Therefore, we can
approximate the function G(z, z¯) by the vacuum block,
G(z, z¯) −−→
→0
F O†OOO† (0|z)F O
†O
OO† (0|z¯). (5.15)
We has already shown that the light cone singularity of the Virasoro block is given by the
form (2.5). In particular, the leading term of the Virasoro block in the light cone limit is given
by
F O†OOO† (0|z) −−→z→1
 Res
(−2piiF0,α[O];α = 2αO) zh2αO−2hO , if hO < c−132 ,√
pi
8 ∂
2
α F0,α[O]
∣∣∣
α= Q2
z
Q2
4 −2hO (log z)− 32 , otherwise , (5.16)
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where F0,α[O] denotes the fusion matrix F0,α[O] = F0,α
[
αO αO
αO αO
]
.
From the asymtptoic form of the Virasoro block,
F jikl (hp|z) −−→z→0 z
hp−hi−h j , (5.17)
we can find
(z(1 − z))2hO (z¯(1 − z¯))2h¯O G(z, z¯) −−→
→0

Res
(−2piiF0,α[O];α = 2αO) ( 2t )2h2αO , if hO < c−132 ,
√
pi
8 ∂
2
α F0,α[O]
∣∣∣
α= Q2
(

2t
) Q2
2
(
log
(

2t
)2)− 32
, otherwise .
(5.18)
where we set l = 0 for simplicity. As a result, the growth of the 2nd Renyi entropy after a light
local quench (hO < c−132 ) is given by
∆S (2)A (t) −−−→t
→∞
4αO(Q − 2αO) log 2t

− log
[
−2pii Res (F0,αt[O];αt = 2αO)]. (5.19)
In particular, if expanding this at small hOc , the result reduces to
∆S (2)A −−−−→hO
c 1
4hO log
t

. (5.20)
This result in the light limit is consistent with the result in [56]. The growth for a heavy local
quench (hO > c−132 ) is more interesting, that is, it has the following universal form:
∆S (2)A (t) −−−→t
→∞
Q2
2
log
2t

+
3
2
log log
(

2t
)2
− log
( √
pi
8
∂2α F0,α[O]
∣∣∣
α= Q2
)
. (5.21)
These results are consistent with our numerical results in [18].
We can, therefore, conclude that the 2nd Renyi entropy after a local quench undergoes a
phase transition as the conformal dimension of the local quench is varied, if we restrict ourselves
to the pure CFT. That is, in one of the phases, the entropy is monotonically increasing in hO,
and in the other phase, it is saturated by the universal form (5.21).
5.2 n-th Renyi Entropy after Local Quench
We will generalize the above results to n-th Renyi entropy. In a similar way as 2nd, we consider
the conformal transformation, 17
z =
( w
i + t − l
) 1
n
, (5.22)
17This map is slightly different from (5.9). In this section, we do not use the cross ratios but evaluate the n-point
partial wave directly via the zi coordinates. In such a case, it is more convenient to use the map (5.22) than (5.9).
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which maps the insertion points {w(m)i } on the n-sheet manifold to
z(k)1 = e
2pii kn
(−i + t − l
i + t − l
) 1
n
,
z(k)2 = e
2pii kn
(
i + t − l
i + t − l
) 1
n
,
z¯(k)1 = e
−2pii kn
(
i − t − l
i + t − l
) 1
n
,
z¯(k)2 = e
−2pii kn
(−i − t − l
i + t − l
) 1
n
,
(5.23)
with a branch cut on the real axis from 0 to +∞. As explained in Figure 7, the  → 0 limit leads
to the light cone limit,
z(k)1 − z(k+1)2 −−→→0 −
2i
n(t − l)z
(k)
1 ,
z¯(k)1 − z¯(k)2 −−→→0 −
2i
n(t + l)
z¯(k)1 .
(5.24)
In this coordinates, the light cone limit of the 2n-point function can be approximated by the
vacuum partial wave as
〈O(w(1)1 , w¯(1)1 )O†(w(1)2 , w¯(1)2 )O(w(2)1 , w¯(2)1 )O†(w(2)2 , w¯(2)2 ) · · · 〉Σn
〈O(w1, w¯1)O†(w2, w¯2)〉nΣ1
−−→
→0
CnF (0|z(m)i )F (0|z¯(m)i ), (5.25)
where we used the following shorthand notation for (2.24),
F (0|z(m)i ) ≡ F hO,hO,...,hO0,hO,0,hO,...,hO,0(z(1)2 , z(1)1 , . . . , z(n)2 , z(n)1 ), (5.26)
and we defined
Cn =
 n∏
k=1
−42
n2
(
(t − l)2 + 2)z(k)1 z(k)2
hO  n∏
k=1
−42
n2
(
(t + l)2 + 2
) z¯(k)1 z¯(k)2
h¯O
−−→
→0
(
2i
n(t − l)
)2nhO  2in(t + l)
(
− t + l
t − l
) 1
n

2nh¯O
.
(5.27)
In the right hand side of (5.25), the anti-holomorphic part is just given by
F (0|z¯(m)i ) −−→→0
 2in(t + l)
(
− t + l
t − l
) 1
n

−2nh¯O
, (5.28)
whereas the holomorphic part is given by the light cone singularity of the partial wave F (0|z(m)i ).
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Before considering the most general case, let us first consider the global limit, meaning O’s
are light operators and c→ ∞. Since we are taking the global limit, we have
F (0|z(m)i )F (0|z¯(m)i ) =
n∏
k=1
〈O(z(k)1 , z¯(k)1 )O†(z(k)2 , z¯(k)2 )〉Σ1 . (5.29)
This formula immediately tells us that the late time behavior of the Renyi entropy shows
∆S (n)A (t) −−−−−→t−l
 −→∞
2nhO
n − 1log
n(t − l) sin
(
pi
n
)

 . (5.30)
Let us consider the most general case. The key tool to study it is the singularity of the
conformal partial wave, which have been already given by (2.25). Applying this result (2.25) to
the current case , we obtain
F (0|z(m)i ) −−→→0

[
Res
(−2piiF0,α[O];α = 2αO)]n−1[( 2in(t−l))n−1 e− 2piin ]h2αO−2hO
× F hO,h2αO ,··· ,h2αO ,hOhO,··· ,hO
(
z(1)2 , e
2pii 2n , e2pii
3
n , e2pii
4
n , · · · , e2pii n−1n , e2pii nn , z(n)1
)
, if αO <
Q
4 ,(
−i
√
pi
8 ∂
2
αt
F0,αt[O]
∣∣∣
αt=
Q
2
)n−1 (
log
(
t−l

))− 32 (n−1) [( 2i
n(t−l)
)n−1
e−
2pii
n
] c−1
24 −2hO
× F hO, Q
2
4 ,··· , Q
2
4 ,hO
hO,··· ,hO
(
z(1)2 , e
2pii 2n , e2pii
3
n , e2pii
4
n , · · · , e2pii n−1n , e2pii nn , z(n)1
)
, if αO >
Q
4 .
(5.31)
By using the regularized partial wave (2.31), we can perfectly extract the time dependence of
the partial wave as
F (0|z(m)i ) −−→→0

[
Res
(−2piiF0,α[O];α = 2αO)]n−1 ( n(t−l) sin pin )nh2αO ( 2in(t−l))−2nhO f(hO), if αO < Q4 ,(
−i
√
pi
8 ∂
2
αt
F0,αt[O]
∣∣∣
αt=
Q
2
)n−1 (
log
(
t−l

))− 32 n ( 
n(t−l) sin pin
)n Q24 ( 2i
n(t−l)
)−2nhO f(hO), if αO > Q4 .
(5.32)
As a result, we find
∆S (n)A (t) −−−−→t−l
 →∞

n
n−1h2αO log
n(t−l) sin pin

− log
[
−2pii Res (F0,αt[O];αt = 2αO)] − 1n−1 logf(hO),
if hO < c−132 ,
n
n−1
Q2
4 log
n(t−l) sin pin

+ 32
n
n−1 log log
(
t−l

)
− log
(
−i
√
pi
8 ∂
2
α F0,α[O]
∣∣∣
α= Q2
)
− 1n−1 logf(hO),
if hO > c−132 .
(5.33)
In fact, we can also calculate the Renyi entropy in a second independent way (see Section 5.3)
and the result is consistent with the above calculation as explained in Section 5.4). It justifies
our expression of the light cone singularity of n-point conformal block.
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From the holographic calculation, the late time behavior of the entanglement entropy after
a local quench is given by
∆S A(t) −−−→t
→∞
c
6
log
t

, (5.34)
where we set l = 0 for simplicity. However, we straightforwardly find that the analytic continua-
tion n→ 1 of the n-th Renyi entropy (5.33) cannot reproduce this holographic result. Moreover,
this n-th Renyi entropy even diverges as n→ 1.
In many cases, to calculate the entanglement entropy (for example, the replica method), we
implicitly assume that the Renyi entropy is analytic in n. However, we now find an exception of
this assumption in the light cone limit. Therefore, we have to consider this exception if we use
the replica method to evaluate the entanglement entropy. We emphasize that this assumption
does not contradict with the derivation of the Ryu–Takayanagi formula in [99], as our result for
the Renyi entropy is analytic in the vicinity of n = 1.
5.3 Renyi Entropy from Twist Frame
In fact, this quantity can also be calculated analytically using twist operators as
∆S (n)A =
1
1 − n log
〈O⊗nO⊗nσnσ¯n〉
〈O⊗nO⊗n〉〈σnσ¯n〉 , (5.35)
where the operator O⊗n is defined on the cyclic orbifold CFTMn/Zn, using the operators in the
seed CFTM as
O⊗n = O ⊗ O ⊗ · · · ⊗ O(≡ O). (5.36)
The local excitation O is separated by a distance l from the boundary of A, as shown in the left
of Figure 8. We will introduce some notations on the cyclic orbifold CFTMn/Zn as follows:
F (n) The conformal block associated to the chiral algebra (Vir)n/Zn, instead of the Virasoro.
(Note that this conformal block is defined on the CFT with the central charge nc.)
F(n) The fusion matrix associated to the chiral algebra (Vir)n/Zn, instead of the Virasoro.
M(n) The monodromy matrix associated to the chiral algebra (Vir)n/Zn.
S (n) The modular S matrix associated to the chiral algebra (Vir)n/Zn.
hσn The conformal dim. of the twist op.; hσn =
c
24
(
1 − 1n2
)
.
Here, we have to emphasize that the central charge c is defined not on the orbifold CFTMn/Zn
but on the original CFTM.
In this twist frame, the light cone limit of the n point function is translated into the Regge
limit of the four point function 〈O⊗nO⊗nσnσ¯n〉 (see the left of Figure 9 ). Here we mean the
Regge limit by the OPE limit after picking up a monodromy around another singular point. We
will explain it in more familiar expression. By using the cross ratio z = z12z34z13z24 , we can rewrite
(5.35) as
〈O⊗nO⊗nσnσ¯n〉
〈O⊗nO⊗n〉〈σnσ¯n〉 =
∣∣∣z2hσn ∣∣∣2 G(z, z¯), (5.37)
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Figure 8: (Left) The positions of operators in the replica computation (5.35). (Right) The
equivalence between (a) and (b) explains the relation between a correlator with twist operators
in an orbifold theory and a replica manifold. The equivalence between (b) and (c) can be
obtained using a conformal map w = zn.
where G(z, z¯) is the four point function
G(z, z¯) = 〈O⊗n(∞)O⊗n(1)σ¯n(z, z¯)σn(0)〉 , (5.38)
and in our setup, the cross ratio (z, z¯) is given by
z =
2i
l − t + i , z¯ = −
2i
l + t − i . (5.39)
From these expressions, one finds that the sign of the imaginary part of the cross ratio z changes
at t = l. As a result, the holomorphic cross ratio picks up the factor e−2pii at t = l as 1 − z →
e−2pii(1 − z) (see the right of Figure 9). This does not happen for the anti-chiral coordinate z¯.
From now on, we will focus on the late time region (t > l). In the  → 0 limit, the four point
function can be approximated by the vacuum block as
〈σn(0)σ¯n(z)O⊗n(1)O⊗n(∞)〉 −−→
→0
F (n)σ¯nσnOO† (0|z)F (n)σ¯nσnOO† (0|z¯), (5.40)
where we used the abbreviation O ≡ O⊗n. However, we have to take care of the contribution
from picking up the monodromy around z = 1. In that, it is more appropriate to express the
approximation as
〈σn(0)σ¯n(z)O⊗n(1)O⊗n(∞)〉 −−→
→0
∫
dα M(n)0,α[σn,O]F (n)σ¯nσnOO† (nhα|z)F (n)σ¯nσnOO† (0|z¯), (5.41)
where the kernel M(n) is the monodromy matrix associated to the current algebra (Vir)n/Zn,
which we will call the replica monodromy matrix. The reason why the argument ofF (n)σ¯nσnOO† (nhα|z)
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time
limit
Contribution from 
monodromy matrix
time
Figure 9: (Left) The holomorphic insertion points of local operators in the late time (t > l).
(Right) The time evolution of the cross ratio z.
is expressed by nhα instead of hα will be explained in the following. Since we have the relation,
〈O(w(1)1 , w¯(1)1 )O†(w(1)2 , w¯(1)2 )O(w(2)1 , w¯(2)1 )O†(w(2)2 , w¯(2)2 ) · · · 〉Σn
〈O(w1, w¯1)O†(w2, w¯2)〉nΣ1
=
〈O⊗nO⊗nσnσ¯n〉
〈O⊗nO⊗n〉〈σnσ¯n〉 . (5.42)
We can deduce the following asymptotics of the Regge limit of F (n)σ¯nσnOO† (0|z),
F (n)σ¯nσnOO† (0|z) −−−−−−−→Regge limit

(
Res
(−2piiF0,α[O];α = 2αO))n−1 zn(h2αO−2hO), if hO < c−132 ,( √
pi
8 ∂
2
α F0,α[O]
∣∣∣
α= Q2
(
log z
)− 32 )n−1 zn( Q24 −2hO), if hO > c−132 . (5.43)
This Regge asymptotics suggests that the pole structure of the replica monodromy matrix is
expressed by the following form,
F (n)σ¯nσnOO† (0|z) −−−−−−−−−−−→
(1−z)→e−2pii(1−z)
∑
αl,m<
Q
2
l,m∈Z≥0
Res
(
−2piiM(n)0,α[σn,O];α = αl,m
)
F (n)σ¯nσnOO† (nhαl,m |z)
+
∫ Q
2 +i∞
Q
2 +0
dα M(n)0,α[σn,O]F (n)σ¯nσnOO† (nhα|z),
(5.44)
where αl,m ≡ 2αO+lb+mb−1. We would like to emphasize that the discrete/continuum transition
occurs as the Liouville momentum αO (Not αO!) crosses the line αO =
Q
4 in the same way as in
the seed pure CFT.
The above expectation comes from the relation (5.42), which makes sense only if n ≥ 2.
Therefore, we do not have any evidence of the validity for (5.44) at n < 2. If anything, it is
naturally expected that the replica transition occurs at n < 2 as mentioned in Section 5.1. From
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these observations, we conjecture 18
F (n)σ¯nσnOO† (0|z) −−−−−−−−−−−→
(1−z)→e−2pii(1−z)
∑
αl,m<
Q
2
l,m∈Z≥0
Res
(
−2piiM(n)0,α[σn,O];α = αl,m
)
F (n)σ¯nσnOO† (nhαl,m |z)
+
∑
βl,m<
Q
2
l,m∈Z≥0
Res
(
−2piiM(n)0,α[σn,O];α = βl,m
)
F (n)σ¯nσnOO† (nhβl,m |z)
+
∫ Q
2 +i∞
Q
2 +0
dα M(n)0,α[σn,O]F (n)σ¯nσnOO† (nhα|z),
(5.45)
where αl,m ≡ 2αO + lb + mb−1 and βl,m ≡ 2ασn + lb + mb−1. Here we might abuse the notation of
the replica monodromy matrix because they are precisely defined by some representative of an
orbit of Zn and the Drinfeld double of some stabilizer in Zn [100] (see also Appendix in [58]),
which are too complicated to express as a simple form. Therefore, we abbreviate it just by
M(n)0,α[σn,O]. In fact, we expect that the explicit form of M(n)0,α[σn,O] does not matter in the
calculation of the entanglement entropy. We mean that Res
(
−2piiM(n)0,α[σn,O];α = βl,m
)
could
be approximated by Res
(−2piiM0,α[σn,O];α = βl,m) in the limit n→ 1 19 and consequently the
entanglement entropy is
∆S A(t) −−−→t
→∞
lim
n→1
−nh2ασn
1 − n log
ti
2
+ lim
n→1
1
1 − n log
[
Res
(−2pii M0,α[σn,O];α = 2ασn)]
=
c
6
log
ti
2
+ lim
n→1
1
1 − n log
[
Res
(−2pii M0,α[σn,O];α = 2ασn)]. (5.46)
What we want to emphasize is that the t-dependence of this result is perfectly consistent with
the holographic result [55], which supports our conjecture (5.45). In fact, the constant part also
reproduces the holographic result, which justifies the reduction M(n) −−−→
n→1
M. (We will explain it
in the next subsection.) In other words, this reduction is the reason why the CFT calculation [6]
reproduces the holographic result [55] even though it is calculated not by the (Vir)n/Zn block
but by just the Virasoro block.
Note that the exact form of the n-th (n ≥ 2) Renyi entropy after a local quench hO < c−132 is
∆S (n)A (t) −−−→t
→∞
nh2αO
1 − n log
(
2
ti
)
+
1
1 − n log
[
Res
(
−2pii M(n)0,α[σn,O];α = 2αO
)]
. (5.47)
This result completely matches the result from the different way (5.33). This consistency is the
key to obtaining the pole structure of the (Vir)n/Zn monodromy matrix M(n) (5.45). Note that
the exact replica transition point associated to hασn =
c−1
32 is given by n∗ =
2√
1+ 3c
−−−→
c→∞ 2. In
particular, this point satisfies the inequality 1 < n∗ < 2 (if c > 1).
18If the dominant contribution is given by not a single-pole but a double-pole residue, the z-dependence cannot
be consistent with the relation (5.42).
19This assumption is often used in the calculation of the entanglement entropy and it is verified in the holographic
CFT (see, for example, [6]).
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It is interesting to make a comparison between the constant parts of (5.47) and (5.33). We
obtain the relationship of the monodromy matrix with the fusion matrix for n ≥ 2 and hO < c−132 ,
Res
(
−2piiM(n)0,α[σn,O];α = 2αO
)
=
(
i
2n sin pin
)nh2αO (
Res
(−2piiF0,α[O];α = 2αO))n−1f(hO).
(5.48)
It is naturally expected that a similar relation between the fusion and monodromy matrices
would be also satisfied for n < 2 and we could re-express (5.46) in terms of the fusion matrix.
5.4 Entanglement Entropy and Renyi Entropy in Large c Limit
Let us consider entanglement entropy in the large c limit. We first consider the case when
hO = O(c) and hO < c−124 . Then we can apply the HHLL formula of the monodromy matrix
(3.10) to (5.46), and we have
∆S A(t) =
c
6
log
t

+
c
6
log
(
sin (piγH)
γH
)
, (5.49)
consistent with the result given in [6]. Let us consider the other case when hO > c−124 . Applying
the HHLL expression of the monodromy matrix (3.8) to (5.46), we have
∆S A(t) =
c
6
log
t

+
c
6
log

sinh
(
pi
√
24hH
c − 1
)
√
24hH
c − 1
 , (5.50)
which is exactly the same as the analytical continuation of (5.49). Note that the constant term
in (5.50) is identical to a chiral half of the Bekenstein Hawking entropy of the black hole, dual
to the primary operator O with hO > c−124 . Namely, we have
lim
n→1
1
1 − n log
[
−2iRes (−2pii M0,α[σn,O];α = 2ασn)] −−−→c→∞ S BH (O) , (5.51)
where S BH (O) is given by the Cardy formula,
S BH (O) = 2pi
√
c
6
(
hO − c24
)
. (5.52)
In terms of the Ryu-Takayanagi formula, this constant contribution has a simple holographic
interpretation. Following [55], the holographic dual of the local quench is given by a coordinate
transformation of the static black hole solution
ds2 = −
(
r2 + R2 − M
)
dτ2 +
R2dr2
R2 + r2 − M + r
2dθ2, (5.53)
which is asymptotically global AdS. M is a mass parameter proportional to the mass of the
black hole, and R is the AdS radius. After an appropriate coordinate transformation (its explicit
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a half of the B-H entropy
Figure 10: The interpretation of a half of the Bekenstein-Hawking entropy in the entanglement
entropy (5.50).
form is given in (2.15) of [55]), this geometry is mapped to the asymptotically Poincare AdS
with the moving massive particle, with the trajectory of the particle is given by
z2 − t2 = R2e2β,
x = 0.
(5.54)
Taking the limit β→ −∞ yields the geometry holographically dual to the local quench. We con-
sider entanglement entropy of the half line [0, L] (L→ ∞) on the plain after the local quench.
The corresponding Ryu-Takayanagi surface at time t is the geodesic connecting two boundary
points (τ, θ) =
(
pi − 2Reβt , 0
)
and
(
2tReβ
L2 , pi − 2Re
β
L
)
in (5.53). In the late time limit (Reβ  t  L),
these points come close to being light like separated. And the trajectory of the geodesic also
approaches the black hole horizon, wrapping half of the horizon. This contributes to the holo-
graphic entanglement entropy ∆S A(t) by half of the Bekenstein Hawking entropy (see Figure
10), which is the chiral half of the B-H entropy with hO = h¯O.
Let us discuss the relation between the monodromy matrices M(n)0,α[σn,O] and M0,α[σn,O]
in the large c limit, which played an important role in the holographic CFT calculation. If the
monodromy matrix on the orbifold CFT could be approximated by,
Res
(
−2piiM(n)0,α[σn,O];α = 2αO
)
−−−→
c→∞
(
Res
(−2piiM0,α[σn,O];α = 2αO))n (5.55)
in the large c limit (instead of n → 1), we can give the n-th (n ≥ 2) Renyi entropy for a locally
excited state hO < c32 as
∆S (n)A (t) −−−→t
→∞
n
1 − n log
[(
2
ti
)h2αO
Res
(−2pii M0,α[σn,O];α = 2αO)], (5.56)
where we used the Regge singularity (5.45). In particular, when O is light, the HHLL limit
simplifies the Renyi entropy,
∆S (n)A (t) −−−→t
→∞
n
1 − n log
[(
2
ti
)h2αO ( γσni
2 sin piγσn
)h2αO ]
=
nh2αO
n − 1 log
(
nt sin pin

)
, (5.57)
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where γH ≡ 1 − 2Qαh =
√
1 − 24c hH and γσn = 1n . On the other hand, we obtained the n-th Renyi
entropy in the other way as in (5.33),
∆S (n)A (t) −−−→t
→∞
nh2αO
n − 1 log
(
nt sin pin

)
, (5.58)
where we used
Res
(−2piiF0,α[O];α = 2αO) −−−−→
hO
c →0
1, (5.59)
and
f(hO) −−−−→
hO
c →0
1. (5.60)
The agreement between (5.57) and (5.58) implies the validity of the large c approximation
of the monodromy matrix (5.55). Note that we could also provide a similar relation for hO > c32 .
It would be interesting to generalize the relation (5.55) by comparing between the sun-leading
contributions in t to (5.56) and (5.33).
5.5 Renyi Entropy in Pure CFT
There are some comments about the Renyi entropy in the pure CFT. Firstly, we would like to
mention that the non-vacuum contributions to the Renyi entropy can be neglected in the limit
 → 0. This is because the light cone limit and the Regge limit of the conformal block do
not depend on the intermediate state. This independency had also been seen in the late time
behavior of the non-vacuum block [22]. The full correlator is given by the following form,
〈OB(∞)OB(1)OA(z, z¯)OA(0)〉 −−−−−−−−−−→
Light cone limit
or
Regge limit
z#
(
C0 + C1z¯h¯p1 + C2z¯h¯p2 + · · ·
)
=
( t

)# (
C0 + C1
( t

)−h¯p1
+ C2
( t

)−h¯p2
+ · · ·
)
,
(5.61)
where Ci are some constants. Therefore, we find that the limit  → 0 obviously damp the
non-vacuum contributions.
Secondly, the constant part of the entanglement entropy depends only on the chiral part of
the CFT. According to [57], this decomposition comes from the limit of large interval and late
time. It means that the entanglement growth by a local quench is controlled by a chiral CFT in
the late time limit.
Thirdly, we want to emphasize that our calculation does not rely on the large c approxima-
tion. It had been expected that the logarithmic growth of the entanglement entropy would be
resolved and the correct entanglement entropy would be rendered by finite if we may take non-
perturbative effects in c into account [56, 57]. However, our result shows that the entanglement
entropy even for finite c also increases logarithmically.
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5.6 Renyi Entropy in RCFT
We first have to emphasize that when one of the external operators corresponds to a degenerate
operator, the decomposition of the s-channel in terms of the t-channel is not continuum, but is
discrete. That is, in such a case, the crossing kernel needs to be written as a linear combina-
tion of delta functions. This is because S b or Γb in the denominator of the fusion matrix (see
(A.9)) with the degenerate external operator dimension diverges unless αt takes particular val-
ues, which means that the integral over αt is replaced by the sum over the particular values. This
concept is explained in greater detail in [94, 101]. We have to mention that this never happens
for unitary CFTs with c > 1 because if the central charge is larger than one, then the conformal
dimensions of degenerate operators are negative.
In the same reason as explained above, the definition of the monodromy matrix (3.2) is
slightly changed by replacing the integral with the sum as
M0,α
[
αA αA
αB αB
]
=
∑
β
e−2pii(hβ−hA−hB) F0,β
[
αA αA
αB αB
]
Fβ,α
[
αA αB
αA αB
]
. (5.62)
For our purposes, we note the useful identities [90];
The symmetries of the fusion matrix
Fαs,αt
[
α2 α1
α3 α4
]
= Fαs,αt
[
α1 α2
α4 α3
]
= Fαs,αt
[
α3 α4
α2 α1
]
, (5.63)
The relation between the fusion matrix and the braiding matrix
Fαs,αt
[
α2 α1
α3 α4
]
= e−ipi(h1+h3−hαs−hαt )B()αs,αt
[
α2 α1
α4 α3
]
. (5.64)
Note that by making use of the hexagon identity [90], our definition of the monodromy matrix
can be related to the more familiar form (which is used in a proof of the Verlinde formula [102]),
M0,α
[
αA αA
αB αB
]
=
∑
β
B(−)0,β
[
αA αA
αB αB
]
B(−)β,α
[
αA αB
αB αA
]
. (5.65)
Utilizing the pentagon identity, the hexagon identities, and the modular invariance [90], we can
show the following relation for RCFTs,
M0,0
[
αA αA
αB αB
]
=
S AB
S 00
S 00
S 0A
S 00
S 0B
. (5.66)
Now all is ready to calculate the Renyi entropy in RCFTs. Since an orbifold CFT of a
RCFT is also RCFT, the Regge limit of the four point function with the twist operators can be
approximated by the vacuum block as
〈σn(0)σ¯n(z)O⊗n(1)O⊗n(∞)〉 −−−−−−−→
Regge limit
M(n)0,0
[
ασ¯n ασn
αO αO†
]
F (n)σ¯nσnOO† (0|z)F (n)σ¯nσnOO† (0|z¯)
= M(n)0,0
[
ασ¯n ασn
αO αO†
] ∣∣∣z2hσn ∣∣∣2 . (5.67)
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Note that this situation is quite different from that in the pure CFTs because in the pure CFTs,
the dominant contribution of the four point function in the Regge limit is not given by the
vacuum block as seen in (5.41). On the other hand, in RCFTs, the sum of the monodromy
transformation includes the vacuum, which is the dominant contribution.
Inserting this result into (5.37), we obtain
∆S (n)A =
1
1 − n log M
(n)
0,0
[
ασ¯n ασn
αO αO†
]
=
1
1 − n log
S (n)σ†nO
S (n)00
S (n)00
S (n)0σn
S (n)00
S (n)0O
. (5.68)
The quantum dimension of the twist operator is given in [58],
dσn =
S (n)0σn
S (n)00
=
1
(S 00)n−1
. (5.69)
We expect a similar relation is also satisfied (see [100]) as,
S (n)σ†nO
S (n)0O
=
1
(S 0O)n−1
. (5.70)
As a result, the growth of the Renyi entropy is given in terms of the quantum dimension as
∆S (n)A = log
S 0O
S 00
= log dO. (5.71)
This exactly matches the result from the replica method [53].
5.7 Renyi Entropy in Liouville CFT
It might be interesting to note that our monodromy matrix approach can be also used to cal-
culate the growth of the Renyi entanglement entropy in the Liouville CFT in the same way as
Section 5.3. However, we have no knowledge about the three point function of the orbifold CFT
(Liouville)n/Zn, therefore, we cannot determine the dominant pole in the t-channel expansion.
Nevertheless, we naively expect that the limit n → 1 of the Renyi entropy can be evaluated by
the same logic as in the holographic CFT, 20
2h2αn
n − 1 log
t

−−−→
n→1
c
3
log
t

, (5.72)
where hσn = αn(Q − αn). The details of the Liouville four point function in the Regge limit
can be found in Section 6.3. We find that the growth of the Liouville entanglement entropy
is a double of the holographic entanglement entropy. It particularly means that the Liouvile
entanglement entropy also shows the logarithmic behavior like the holographic entanglement
entropy. The Liouville Renyi entropy for a local quench is also investigated in [59] by using the
20The Hilbert space of the Liouville CFT does not have the vacuum state, therefore, the concept of the growth
∆S (n)A (t) (1.4) becomes subtle. Nevertheless, we can formally define the correlator (5.37) in the orbifold CFT
(Liouville)n/Zn.
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light cone limit. However, we have to mention that we must take account of the possibility of
the Renyi transition at n = 2 as we explained in this section. In that, the analytic continuation
n → 1 of the result from the light cone analysis does not provide the correct entanglement
entropy.
In the above, we formally define the entanglement growth compared to the vacuum by the
correlator (5.37). However, there is no vacuum in the Hilbert space of the Liouville CFT,
therefore, its physical meaning seems to be subtle. To avoid this problem, it is natural to use the
following definition in place of (1.4), 21
∆S˜ (n)A (t) = S
(n)
A (|Ψ(t)〉) − S (n)A (|Ψ(0)〉). (5.73)
In terms of the correlator, this entanglement growth is given by
∆S˜ (n)A =
1
1 − n log
limRegge limit〈O⊗nO⊗nσnσ¯n〉
limz,z¯→0〈O⊗nO⊗nσnσ¯n〉 . (5.74)
In the pure CFT, this definition leads to the same conclusion as given in Section 5.3, because
the denominator limz,z¯→0〈O⊗nO⊗nσnσ¯n〉 is decomposed into 〈O⊗nO⊗n〉〈σnσ¯n〉, and therefore, the
entanglement growth (5.74) reduces to just the definition (5.35). On the other had, in the Liou-
ville CFT, the denominator can not be factorized even in the limit z, z¯ → 0 (see (6.19) in more
details). Hence, the entanglement growth is changed from (5.72) to
∆S˜ (n)A = −−→→0

Res
(
−2piiM(n)2αO,α[σn,O];α = 2αO
)
, if αO <
Q
4 , ασn ,
Res
(
−2piiM(n)2ασn ,α[σn,O];α = 2ασn
)
, if ασn <
Q
4 , αO,√
pi
8 ∂
2
α M(n) Q2 ,α[σn,O]
∣∣∣∣
α= Q2
, if ασn , αO >
Q
4 ,
(5.75)
where we abused the notation of the replica monodromy matrix, but what we want to emphasize
is clear in this description: The entanglement growth approaches constant and there are three
types of the constant, depending on the replica number n and the conformal dimension hO.
6 Out-of-Time Ordered Correlator
6.1 Late Time Regime
In this section, we will calculate the late time behavior of the OTOC by making use of the result
in Section 3.1. As mentioned in the introduction, the OTOC in the late time is given by the
Regge asymtotics of the correlator,
G(z, z¯) −−−−−−−−−−−→
Regge limit
(1−z)→e−2pii(1−z)
F W†WVV† (0|z)F W
†W
VV† (0|z¯), (6.1)
21 We have to mention that this definition does not show the growth of the entanglement because the entangle-
ment entropy for the vacuum also grows in a similar way. The real entanglement growth is given by (5.72).
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Figure 11: The time dependence of the holomorphic cross ratio.
where the function G(z, z¯) is defined by
Cβ(x, t) ≡ 〈V
†W†(t)VW(t)〉β
〈V†V〉β〈W†W〉β =
∣∣∣z2hW ∣∣∣2 G(z, z¯). (6.2)
Here we also assume that we restrict ourselves to the pure CFTs. The late time behavior of the
cross ratio is expressed by
z ' −e− 2pi(t−x)β ∗1234, z¯ ' −e−
2pi(t+x)
β ∗1234, (6.3)
where i j = i
(
e
2pii
β i − e 2piiβ  j
)
. From these expressions, we can straightforwardly find that the cross
ratio goes to zero in the late time. The time evolution of the holomorphic cross ratio is shown
as in Figure 11, which clearly explains why we need to pick up a monodromy around z = 1 to
investigate the OTOC in the late time limit.
The Regge limit of the conformal block is derived in Section 3.1 as
F AABB (hp|z) −−−−−−−→Regge limit

Res
(
−2piiMαp,α[αA, αB];α = 2αA
)
zh2αA−2hA , if αA <
Q
4 , αB,
Res
(
−2piiMαp,α[αA, αB];α = 2αB
)
zh2αB−2hA , if αB <
Q
4 , αA,
−i
√
pi
8 ∂
2
α Mαp,α[αA, αB]
∣∣∣
α= Q2
z
Q2
4 −2hA (− log z)− 32 , if αA, αB > Q4 . (6.4)
Substituting these into (6.2), we obtain the late time behavior of the OTOC as
Cβ(x, t) −−−−−→
late time

e−h2αW
2pit
β , if αW <
Q
4 , αV ,
e−h2αV
2pit
β , if αV <
Q
4 , αW ,
e−
Q2
4
2pit
β t−
3
2 , if αW , αV >
Q
4 .
(6.5)
In the test mass limit hW  c, the conformal dimension h2αW is approximated by 2hW , and then
we obtain
Cβ(x, t) −−−−→
hWc
e−2hW
2pit
β , (6.6)
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which perfectly matches the result from the HHLL Virasoro block [73]. It is interesting to
point out that the late time behavior of the OTOC has the transition as the conformal dimen-
sions hW , hV increase, which is first suggested in [16, 18] from the numerical calculation. This
transition should be caused by a creation of a block hole in gravity side, therefore, it is a very
interesting future work to discover this transition from the gravitation calculation [78].
In RCFTs, the late time behavior of the OTOC approaches the constant [74–76]. Moreover,
this constant is equal to the (0, 0) element of the monodromy matrix,
Cβ(x, t) −−−−−→
late time
M0,0[αW , αV]. (6.7)
Note that the way to obtain this result is exactly the same as in Section 5.6, in that, making use
of the monodromy matrix approach. Now we find that the contribution from the monodromy
matrix also appears in the pure CFTs, from the expression of the Regge asymptotics (6.4). In
that, the counterpart of the constant M0,0[αW , αV] is given by the coefficient of the exponential
decay in the pure CFTs. From this viewpoint, we may interpret the contribution from the
monodromy matrix element more physically from the gravity side. It would be interesting to
proceed in this direction.
We would like to mention that we only assume our CFT to be a unitary compact CFT with
c > 1 (and without chiral Virasoro primaries). In particular, we do not impose the large c on
our CFT. In [74], it is discussed there which the OTOC or the entanglement entropy dynamics
is better to characterize the chaos nature of a given quantum field theory and it is concluded that
the OTOC is better because the large c limit of the S U(N)k WZW model does not break down
the constant behavior of the OTOC, whereas it spoils the constant behavior of the 2nd Renyi
entropy and leads to the logarithmic growth. However, we now find that the time-dependent
behavior is not caused by the large c limit but by assumption on our CFT to be a pure CFT.
Therefore, we should rather conclude that
1. The late time behavior of the OTOC is characterized by whether a given CFT is a pure
CFT or not.
2. The logarithmic growth of the entanglement entropy is not caused by the large c but by
the properties of the pure CFT. (The non-perturbative correction in c is not be able to
recover the constant behavior of the entanglement growth.)
We will comment on a case where there is an extra current besides the Virasoro current. In
such a case, the OTOC is approximated by
G(z, z¯) −−−−−−−−−−−→
Regge limit
(1−z)→e−2pii(1−z)
F (J)W†WVV† (0|z)F (J)W
†W
VV† (0|z¯), (6.8)
where F (J) is conformal blocks associated to the chiral algebra J. The logic to estimate the
Regge singularity of F (J) is the same as the Virasoro conformal blocks, in that,
F (J)W†WVV† (hp|z) ?=
∫
dα M(J)αp,α[αW , αV]F (J)W
†W
VV† (hα|z)
−−−−−−−→
Regge limit
zhαmin−2hW .
(6.9)
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We have the monodromy symmetry of the correlator,
G(1 − z, 1 − z¯) = G
(
e−2pii(1 − z), e2pii(1 − z¯)
)
. (6.10)
The left hand side has the asymptotic behavior (1− z)−2hW in the limit z→ 1. On the other hand,
the right hand side is given by the sum of the asymptotics (6.9). From this viewpoint, we find
that hαmin is not allowed to be smaller than zero. In RCFTs, the right hand side is given by a
finite sum. Therefore, hαmin must be zero to be consistent with the monodromy symmetry. As a
result, we can conclude that the late time behavior of the OTOC is given by
Cβ(x, t) −−−−−→
late time
e−2hαmin
2pit
β . (6.11)
1. hαmin = 0 in RCFT.
2. If hαmin > 0, it is naturally expected to have similar transitions as (6.5).
3. We can expect that if taking a large enough central charge with a number of chiral pri-
maries fixed, the OTOC shows the exponential decay in the late time. It results that the
OTOC in the holographic CFTs (with a large central charge) decays exponentially in
general.
It is interesting to note that the OTOC in a permutation orbifold at large c does not decay in
late time [103]. More precisely, a permutation orbifold CFT is defined byMn/GN for GN ⊆ S N ,
giving an orbifold CFT with central charge Nc, therefore, the large c limit is realized by taking
the limit N → ∞. We can see that the OTOC in such a theory approaches constant. This is one
of examples of a CFT with hαmin = 0 other than RCFTs.
22
6.2 Non-Vacuum Contribution in Late Time
Let us introduce the non-vacuum contribution Cβ(hp|x, t) as
Cβ(hp|x, t) ≡
∣∣∣z2hW ∣∣∣2 (∫
S
dα Mαp,α[αW , αV]F W
†W
VV† (hα|z)
)
F W†W
VV† (h¯p|z¯), (6.12)
where the cross ratio is related to (x, t) by (6.3). Then the full OTOC has the following expan-
sion,
Cβ(x, t) =
∑
p
CW†W pCV†V pCβ(hp|x, t). (6.13)
The Regge asymptotics of the non-vacuum contributions is also obtained from the pole structure
of the fusion matrix with the non-vacuum intermediate state (3.3) in the same as the vacuum
case. The result is
Cβ(hp|x, t) −−−−−→
late time

e−(h2αW +h¯p)
2pit
β , if αW <
Q
4 , αV ,
e−(h2αV +h¯p)
2pit
β , if αV <
Q
4 , αW ,
e−
(
Q2
4 +h¯p
)
2pit
β t−
3
2 , if αW , αV >
Q
4 .
(6.14)
22The limit N → ∞ does not fix a number of chiral primaries, therefore, this phenomena does not contradict the
expectation (3) below (6.11). A similar limit is the large c limit of S U(N)k WZW model, studied in [74].
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This means that the non-vacuum contributions are suppressed more strongly than that of the
vacuum. Therefore, we can conclude that the vacuum approximation (6.1) is justified in the
Regge limit.
In the test mass limit hW  c, the non-vacuum contributions reduce to
Cβ(hp|x, t) −−−−−→
late time
e−(2hW +h¯p)
2pit
β . (6.15)
This late time behavior of the non-vacuum contributions Cβ(hp|x, t) in the test mass limit has
already derived in [85], which is consistent with our result from the monodromy matrix ap-
proach. Moreover, we can generalize the results in [85] beyond the test mass limit. We now
assume that the smearing length scale of the operators V,W is close to the thermal length scale
and the OPE coefficients CW†W p,CV†V p with the light intermediate state are of order O(1). Let
Mαp,αmin[αW , αV] denote the coefficient of the Regge asymptotics (6.4). Then the decay time
when the OTOC becomes much smaller than one is given by 23
tdecay p =

β
2pi
1
h2αW
log
(
Mαp,2αW [αW , αV]
)
, if αW <
Q
4 , αV ,
β
2pi
1
h2αV
log
(
Mαp,2αV [αW , αV]
)
, if αV <
Q
4 , αW ,
β
2pi
4
Q2 log
(
Mαp, Q2 [αW , αV]
)
, if αW , αV >
Q
4 .
(6.16)
In the test mass limit hW  c, the decay time tdecay p reduces to
tdecay p −−−−→hWc
β
2pi
(
2hW + hp
2hW + h¯p
)
log
(
c
hW
)
. (6.17)
In order to the decay time is given by tdecay = tdecay0, the inequality tdecay ≥ tdecay p should be
satisfied. More details can be found in [85].
6.3 OTOC in Liouville CFT
Besides pure CFTs, there is another interesting irrational CFT, Liouville CFT. Compared to
other irrational CFTs, we have some useful tools to determine the correlator in the Liouville
CFT [81]. With this backdrop, we will also try to investigate the Liouville OTOC in this paper.
Our physical motivation of this challenge is to clarify whether the Liouville OTOC has some-
thing in common with the OTOC in a RCFT or a pure CFT (including the holographic CFT).
In particular, it is interesting to bring out whether the Liouville OTOC reduces the OTOC in the
holographic CFT in the large c limit, which could be true because the Liouville CFT also has
the gravitational interpretation [70, 82] (but which is not the AdS/CFT correspondence). We
will address these questions by using our monodromy matrix approach.
Our monodromy matrix approach can be straightforwardly generalized to the Liouville CFT.
23We neglect the polynomial decay, which only gives negligible contributions to tdecay p in the large c limit.
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The Liouville four point function has the following form,
〈VαB(∞)VαB(1)VαA(z)VαA(0)〉
= − 2pii
∑
α(A)n,m<
Q
2
n,m∈Z≥0
Res
(
CDOZZ(αA, αA, α)CDOZZ(Q − α, αB, αB)F AABB (hα|z)F AABB (hα|z¯);α = α(A)n,m
)
− 2pii
∑
α(B)n,m<
Q
2
n,m∈Z≥0
Res
(
CDOZZ(αB, αB, α)CDOZZ(Q − α, αA, αA)F AABB (hα|z)F AABB (hα|z¯);α = α(B)n,m
)
+
∫ Q
2 +i∞
Q
2 +0
dαCDOZZ(αA, αA, α)CDOZZ(Q − α, αB, αB)F AABB (hα|z)F AABB (hα|z¯),
(6.18)
where α(I)n,m ≡ 2αI + mb + nb−1 (I = A, B) and CDOZZ is the Liouville three point function, which
is the so-called DOZZ formula [104, 105]. The reason for the appearance of the discrete terms
is caused by the fusion rule of the Liovulle CFT (2.12), which is nicely reviewed in [87]. We
first want to mention that the Liouville four point function in the trivial OPE limit |z| → 0 shows
a quite different behavior from the behavior of a four point function in a compact unitary CFT.
That is, this is the exception of the factorization rule of the four point function as mentioned
around (1.14). As explained in [87, 106], the leading and the first sub-leading contribution of
the Liouville four point function are given by
〈VαB(∞)VαB(1)VαA(z)VαA(0)〉
−−−→
|z|→0

Res (−2piiCα[αA, αB];α = 2αA)
∣∣∣zh2αA−2hA ∣∣∣2 , if αA < Q4 , αB,
Res (−2piiCα[αB, αA];α = 2αB)
∣∣∣zh2αB−2hA ∣∣∣2 , if αB < Q4 , αA,√
pi
8 ∂
2
α Cα[αA, αB]|α= Q2
∣∣∣∣∣z Q24 −2hA (log z)− 32 ∣∣∣∣∣2 , if αA, αB > Q4 ,
(6.19)
where we defined Cα[αA, αB] ≡ CDOZZ(αA, αA, α)CDOZZ(Q−α, αB, αB). We find that the asymp-
totic behavior drastically changes as the Liouville momentum αA, αB cross the line αA, αB =
Q
4 .
This is because of the appearance of the discrete terms in the same way as the transition of the
light cone and the Regge singularities. Note that the appearance of the logarithmic correction(
log z
)− 32 has a physical interpretation in random energy models [107]. It is also interesting to
comment that this power law appears in the late time OTOC of the Sachdev-Ye-Kitaev (SYK)
model [108, 109]. In more precisely, the SYK OTOC has the crossover from the Lyapunov
exponential decay to the polynomial decay in the late time regime. The polynomial decay is
also related to the Liouville quantum mechanics as explained in [108,109] (see also [110,111],
which discuss the OTOC in the Schwarzian theory (as the low energy limit of the SYK model)
by making use of the connection to the Liouville CFT).
From now, we will consider the Regge limit of the Liouville four point function. Since the
Regge limit of the conformal block (6.4) is independent of the internal dimension, the dominant
contribution of the Liouville four point function (6.18) in the Regge limit is given by the lowest
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intermediate dimension as 24
〈VαB(∞)VαB(1)VαA(z)VαA(0)〉
−−−−−−−→
Regge limit

Res (−2piiCα[αA, αB];α = 2αA) Res (−2piiM2αA,α[αA, αB];α = 2αA) ∣∣∣zh2αA−2hA ∣∣∣2 , if αA < Q4 , αB,
Res (−2piiCα[αB, αA];α = 2αB) Res (−2piiM2αB,α[αA, αB];α = 2αB) ∣∣∣zh2αB−2hA ∣∣∣2 , if αB < Q4 , αA,√
pi
8 ∂
2
α Cα[αA, αB]|α= Q2
√
pi
8 ∂
2
α M Q2 ,α[αA, αB]
∣∣∣∣
α= Q2
∣∣∣∣∣z Q24 −2hA (log z)− 32 ∣∣∣∣∣2 , if αA, αB > Q4 .
(6.20)
As a result, we can conclude that the Liouville OTOC behaves as
Cβ(x, t) −−−−−→
late time

Res
(−2piiM2αA,α[αA, αB];α = 2αA) , if αA < Q4 , αB,
Res
(−2piiM2αB,α[αA, αB];α = 2αB) , if αB < Q4 , αA,√
pi
8 ∂
2
α M Q2 ,α[αA, αB]
∣∣∣∣
α= Q2
, if αA, αB >
Q
4 ,
(6.21)
where we have to divide (6.20) not by the factorization 〈VαBVαB〉 〈VαAVαA〉 but by (6.19),
according to the definition (1.14). This particularly shows that the Liouville OTOC approaches
constant in the late time limit, which is a common feature of the OTOC in RCFTs. In this sense,
we expect that the Liouville CFT is not chaotic even if it is classified as irrational CFTs.
There was a naive expectation [74] that the Liouville OTOC would approach the constant
associated to the (0, 0) element of the monodromy matrix (6.7). However, as seen in (6.21),
the correct formula of the Liouville OTOC is given by the more complicated element of the
monodromy matrix. Moreover, the Liouville OTOC has a richer structure with three phases in
a similar way as the late time OTOC in the pure CFT.
Unfortunately due to a lack of the knowledge about the block with the non-zero vacuum
intermediate state hp ∼ c, we do not have any information to determine the Liouvlle Lyapunov
exponent in the scrambling time. Nevertheless, we believe that further investigations of our
monodromy matrix approach would reveal the Liouville OTOC beyond the late time regime.
We leave it as a future work.
6.4 Comments on Scrambling Regime
We are also interested in the scrambling time when the OTOC shows the Lyapunov decay as
Cβ(x, t) ∼ 1 − #c e
λL(t−t∗) + · · · , (6.22)
where λL is the so-called Lyapunov exponent. It is shown that the exponent has an upper bound
as
λL ≤ 2pi
β
, (6.23)
24Note that the monodromy matrix Res
(
−2piiMβ,α[αA, αB]; 2αA
)
does not diverge or vanish at β = 2αA and
β = Q2 , which justifies the Regge limit (6.20).
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and this bound is saturated by the holographic CFTs [78]. This saturation can be seen from the
HHLL Virasoro block [72],
F LLHH(0|z) = (1 − z)hL(γ−1)
(
1 − (1 − z)γ
γ
)−2hL
−−−−−−−→
Reege limit
z−2hL
 11 − 24hWpiicz
2hL . (6.24)
where we assume hH  c. Inserting this conformal block into (6.2), we obtain the OTOC as
Cβ(x, t) −−−−−−−→
hWhVc
 11 − 24hWpiicz
2hW = ( 1
1 + Ce
2pi
β (t−x−t∗)
)2hW
, (6.25)
where C = 24piihW
12
∗
34
and t∗ =
β
2pi log c. At the scrambling time t − x ∼ t∗, this OTOC behaves as
(6.22) with the Lyapunov exponent λL = 2piβ .
However, as pointed out in [86], the vacuum block approximation is not justified at the
scrambling time because the non-vacuum contributions may be larger than the vacuum contri-
bution in the scrambling time regime. This might suggest that we have to impose some other
assumptions on the CFT data of the holographic CFTs. To go further in this direction, we need
the Regge aymptotics of the Virasoro blocks with general internal dimensions. In [86], it is
discussed there by using the HHLL Virasoro block, the semiclassical block (with hp  c) and
the Zamolodchikov recursion relation. Here we would like to propose the other approach to
address the issue by using the monodromy matrix approach.
We have the exact form of the non-vacuum contribution,
Cβ(hp|x, t) ≡
∣∣∣z2hW ∣∣∣2 (∫
S
dα Mαp,α[αW , αV]F W†WVV† (hα|z)
)
F W†W
VV† (h¯p|z¯), (6.26)
and the monodromy matrix is simplified in the large c limit, therefore, we expect that the mon-
odromy matrix approach is very useful to investigate the scrambling time of the non-vacuum
contributions both in an analytic and a numerical way (because we can use the simple aymp-
totics of the block F W†W
VV† (hα|z) ∼ zhα−2hW in this expression). In more details, the scrambling
time for Cβ(hp|x, t) could be evaluated in the following way,∣∣∣z2hW ∣∣∣2 CW†W pCV†V p ∫ dα Mαp,α[αW , αV]F W†WVV† (hα|z)F W†WVV† (h¯p|z¯)
−−−−−−−−−→
saddle point
approximation
CW†W pCV†V pMαp,αsaddle[αW , αV]e
−(hαsaddle +h¯p) 2pitβ
−−→
c1
eD−(hαsaddle +h¯p)
2pit
β ,
(6.27)
where eD ∼ CW†W pCV†V pMαp,αsaddle[αW , αV]. Therefore, the scrambling time could be determined
by t∗p =
β
2pi
D
hαsaddle +h¯p
. We shall discuss this issue in a future work.
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7 Discussion
In this paper, we studied the Renyi entropy and the OTOC from the light cone singularity and
the Regge singularity. The key point is that the conformal block can be simplified in the light
cone and the Regge limit by means of the fusion and the monodromy matrices. We believe that
this idea utilizing the fusion and the monodromy matrices will have many applications in further
investigations of the AdS3/CFT2. Apart from the holography, we have a wealth of interesting
questions in 2D CFT that can now be attacked.
We will propose some remaining questions and interesting future works at the end of this
paper:
Renyi Entropy
We would like to understand the physical meaning of the replica transition. It is expected
that this transition can be interpreted as the instability of the bulk. A similar transition of
the Renyi entanglement entropy is found in [65–69], which might be related to our replica
transition. It would be interesting to explore this issue.
It would be also interested to consider the Renyi entropy after a bilocal quench. In the
CFT side, there are already several works about the Renyi entropy for a multiple locally
excited state [54, 60, 112], which argues that the Renyi entropy after a multiple local
quench just obeys the sum rule. On the other hand, it does not seem that in the gravity
side, the entanglement entropy for a bilocal quench is given by such a simple rule [113].
In our upcoming publication, we will present the results for the bilocal quench from the
viewpoint of the fusion matrix approach.
OTOC
We found that the late time OTOC had three phases as in (6.5). This predicts that we
would find the relevant transition in the bulk side as the mass of particle is increased.
Therefore, it would be interesting to investigate the late time OTOC from the bulk calcu-
lation and provide the bulk interpretation of the phase transition.
An important future work is to generalize our works to the scrambling time regime more
clearly. We expect that a further investigation of the monodromy matrix would make
clear the OTOC at the scrambling time. It is also interesting to reveal the validity of the
vacuum block approximation [84–86] more explicitly as in Section 6.2. We would like to
carry out such investigations in the future.
We also studied the OTOC in the Liouville CFT and discovered that the Liouville OTOC
approaches constant in the late time as in RCFTs, however, its constant was not given
by the (0, 0) element of the monodromy matrix. This constant behavior may imply that
the Liouvile CFT is not chaotic in a sense. It would be interesting to study the Liouville
OTOC beyond the late time limit.
Virasoro Block
We had studied the light cone singularity of the Virasoro block for the motivation of
applying the conformal bootstrap and understanding the AdS/CFT correspondence in [16,
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17, 19] and succeeded in solving the bootstrap equation in [19, 24]. In this article, we
provided the Regge singularity of the Virasoro block to study the Renyi entropy and the
OTOC. Hopefully, the monodromy matrix would also make a new analytic approach to
solve the conformal bootstrap in a certain limit, as suggested in [23].
Another question is how to interpret the transition of the light cone limit and Regge limit
singularities in the bulk side. Further, we would like to understand our results more
directly from the relation between the Virasoro block and the geodesics [3, 22]. We will
provide more clear understanding of the relation between the Virasoro block and the bulk
objects in terms of the fusion matrix in the future
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A Explicit Form of Fusion Matrix
In the following, we introduce the notations usually found in Liouville CFTs.
c = 1 + 6Q2, Q = b +
1
b
, hi = αi(Q − αi). (A.1)
Note that we can relate the parameter ηi appearing in [17] to αi as αi = Qηi.
The fusion matrix is defined by the invertible fusion transformations between s and t- chan-
nel conformal blocks [81] as follows:
F 2134 (hαs |z) =
∫
S
dαtFαs,αt
[
α2 α1
α3 α4
]
F 2314 (hαt |1 − z), (A.2)
where the contour S runs from Q2 to
Q
2 + i∞, and also runs anti-clockwise around αt = α1 +α4 +
mb + nb−1 < Q2 and αt = α2 + α3 + mb + nb
−1 < Q2 for m, n ∈ Z≥0. The kernel Fαs,αt is called the
crossing matrix or fusion matrix. The explicit form of the fusion matrix is given in [81, 114]as
follows:
Fαs,αt
[
α2 α1
α3 α4
]
=
N(α4, α3, αs)N(αs, α2, α1)
N(α4, αt, α1)N(αt, α3, α2)
{
α1 α2 αs
α3 α4 αt
}
b
, (A.3)
where the function N(α3, α2, α1) is
N(α3, α2, α1) =
Γb(2α1)Γb(2α2)Γb(2Q − 2α3)
Γb(2Q − α1 − α2 − α3)Γb(Q − α1 − α2 + α3)Γb(α1 + α3 − α2)Γb(α2 + α3 − α1) ,
(A.4)
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and
{
α1 α2 αs
α3 α4 αt
}
b
is the Racah–Wigner coefficient for the quantum group Uq(sl(2,R)),
which is given by 25{
α1 α2 αs
α3 α¯4 αt
}
b
=
S b(α1 + α4 + αt − Q)S b(α2 + α3 + αt − Q)S b(α3 − α2 − αt + Q)S b(α2 − α3 − αt + Q)
S b(α1 + α2 − αs)S b(α3 + αs − α4)S b(α3 + α4 − αs)
× |S b(2αt)|2
∫ 2Q+i∞
2Q−i∞
du
S b(u − α12s)S b(u − αs34)S b(u − α23t)S b(u − α1t4)
S b(u − α1234 + Q)S b(u − αst13 + Q)S b(u − αst24 + Q)S b(u + Q) ,
(A.5)
where we have used the notations α¯ = Q − α, αi jk = αi + α j + αk and αi jkl = αi + α j + αk + αl.
The functions Γb(x) and S b(x) are defined as
Γb(x) =
Γ2(x|b, b−1)
Γ2
(
Q
2 |b, b−1
) , S b(x) = Γb(x)
Γb(Q − x) , (A.6)
Γ2(x|ω1, ω2) is the double gamma function,
log Γ2(x|ω1, ω2) =
 ∂∂t
∞∑
n1,n2=0
(x + n1ω1 + n2ω2)−t

t=0
. (A.7)
Note that the function Γb(x) is introduced such that Γb(x) = Γb−1(x) and satisfies the following
relationship:
Γb(x + b) =
√
2pibbx−
1
2
Γ(bx)
Γb(x). (A.8)
By substituting the explicit form of the Racah–Wigner coefficients (A.5) into (A.3), we can
simplify the expression for the fusion matrix into
Fαs,αt
[
α2 α1
α3 α4
]
=
Γb(Q + α2 − α3 − αt)Γb(Q − α2 + α3 − αt)Γb(2Q − α1 − α4 − αt)Γb(α1 + α4 − αt)
Γb(2Q − α1 − α2 − αs)Γb(α1 + α2 − αs)Γb(Q + α3 − α4 − αs)Γb(Q − α3 + α4 − αs)
× Γb(Q − α2 − α3 + αt)Γ(−Q + α2 + α3 + αt)Γb(α1 − α4 + αt)Γb(−α1 + α4 + αt)
Γb(α1 − α2 + αs)Γb(−α1 + α2 + αs)Γb(Q − α3 − α4 + αs)Γb(−Q + α3 + α4 + αs)
× |S b(2αt)|2 Γb(2Q − 2αs)Γb(2αs)
Γb(2Q − 2αt)Γb(2αt)
×
∫ 2Q+i∞
2Q−i∞
du
S b(u − α12s)S b(u − αs34)S b(u − α23t)S b(u − α1t4)
S b(u − α1234 + Q)S b(u − αst13 + Q)S b(u − αst24 + Q)S b(u + Q) .
(A.9)
25Ponsot–Teschner have derived a more symmetric form of the Racah–Wigner coefficient [115] than the tradi-
tional expression found in [81, 114]. In this study, we used the new expression derived in [115].
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B Singularity of n-point Block
In this Appendix, we will give a detailed explanation (for beginners) of how to calculate the
singularity of this n-point conformal partial wave in terms of 3-point blocks. To express the
n-point conformal partial wave explicitly, we will introduce the following notations;
Primary field (ν, ν¯):
lim
z,z¯→0
Oi(z, z¯) |0〉 = |νi ⊗ ν¯i〉 . (B.1)
By using this notation, we will denote descendant states in the Verma moduleVνi as
|νi,M〉 = L−M |νi〉 ≡ Lm j . . . L−m1 |νi〉 , (B.2)
where M is arbitrary ordered set of indices M = {m1,m2, . . . ,m j ∈ N|m1 ≥ m2 ≥ · · · ≥
m j and |M| = m1 + m2 + · · · + m j}. We will denote the operator corresponding to |νi,M〉 as
Oνi,M via state-operator mapping.
Three point conformal block ρ(ξ1; ξ2; ξ3|z):
〈ξ1, ξ¯1|O2(z, z¯)|ξ3, ξ¯3〉 = ρ(ξ1; ξ2; ξ3|z)ρ(ξ¯1; ξ¯2; ξ¯3|z¯)C123, (B.3)
where ξi is any state in the Verma module Vνi . For L0-eigenstates (L0ξi = ∆(ξi)ξi), the z
dependence of the 3-point conformal block is fixed by the Ward identity as
ρ(ξ1; ξ2; ξ3|z) = z∆(ξ1)−∆(ξ2)−∆(ξ3)ρ(ξ1; ξ2; ξ3|1). (B.4)
By definition, any 3-point conformal block for primary states νi is given by
ρ(ν1; ν2; ν3|1) = 1. (B.5)
We also define
〈ξ1, ξ¯1|O2(z2, z¯2)O3(z3, z¯3)〉 = ρ(ξ1; ξ2, ξ3|z2, z3)ρ(ξ¯1; ξ¯2, ξ¯3|z¯2, z¯3)C123, (B.6)
〈O2(z1, z¯1)O2(z2, z¯2)O3(z3, z¯3)〉 = ρ(ξ1, ξ2, ξ3|z1, z2, z3)ρ(ξ¯1, ξ¯2, ξ¯3|z¯1, z¯2, z¯3)C123. (B.7)
Gram matrix G(n)MN : [
G(n)i
]
MN
= 〈νi,M |νi,N〉 , (B.8)
where |M| = |N| = n.
Following the above notations, the 4-point conformal partial wave is given by 26
F h1,h2,h3,h4hp (z1, z2, z3, z4) =
∑
l=|M|=|N |
ρ(ν4, ν3, νp,M |z4, z3, 0)
[
G(l)p
]−1
M,N
ρ(νp,N; ν2, ν1|z2, z1). (B.9)
26For the purpose of generalizing the results in Section 2.1 to n-point conformal blocks, we used a different
notation than in (2.1). The relation is given by F h1,h2,h3,h4hp (z) = F 2134 (hp|z).
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The fusion transformation of the 4-point conformal partial wave can be expressed as
F h1,h2,h3,h4hp (z1, z2, z3, z4)
=
∫
S
dαq Fαp,αq
[
α2 α1
α3 α4
] ∑
l=|M|=|N|
ρ(ν4, ν1, νq,M |z4, z1, 0)
[
G(l)q
]−1
M,N
ρ(νq,N; ν2, ν3|z2, z3), (B.10)
where the contour S runs from Q2 to
Q
2 + i∞, and also runs anti-clockwise around αq = α1 +α4 +
mb + nb−1 < Q2 and α = α2 + α3 + mb + nb
−1 < Q2 , in that, this contour is the shorthand for (2.2)
(and its generalization). From now on, the notation αi stands for hi ≡ αi(Q − αi) and αpi stands
for hpi ≡ αpi(Q − αpi). We introduce another expression of the fusion transformation [90] here
for later use,
F h1,h2,h3,h4hp (z1, z2, z3, z4)
=
∫
S
dαq Fαp,αq
[
α2 α1
α3 α4
] ∑
l=|M|=|N|
ρ(ν4, νq,M, ν1|z4, z2, z1)
[
G(l)q
]−1
M,N
ρ(νq,N; ν3; ν2|z32), (B.11)
where zi j ≡ zi − z j. By the z-dependence of the 3-point blocks (B.4), we find that in the limit
z32 → 0, the dominant contribution to the sum comes from the term l = 0. Consequently, we
obtain the following singularity of the 4-point partial wave,
F h1,h2,h3,h4hp (z1, z2, z3, z4)
−−−−→
z32→0
∫
S
dαq Fαp,αq
[
α2 α1
α3 α4
]
ρ(ν4, νq, ν1|z4, z2, z1) × (z3 − z2)hq−h2−h3 .
(B.12)
From the same discussion as that in Section 2.1, we can identify the light cone singularity of
the conformal partial wave (in that, the conformal block with four parameters zi=1,2,3,4).
We will give the generalization of this light cone singularity (B.12) to any n-point. The
n-point conformal partial wave can be expressed in terms of the 3-point blocks as
F h1,h2,...,hnhp1 ,hp2 ,...,hpn−3 (z1, z2, . . . , zn)
=
∑
li=|Mi |=|Ni |
i=1,2,...,n−3
ρ(νn, νn−1, νpn−3,Mn−3 |zn, zn−1, 0)
[
G(ln−3)pn−3
]−1
Mn−3,Nn−3
×
 n−4∏
k=1
ρ(νpk+1,Nk+1; νk+2; νpk ,Mk |zk+2)
[
G(lk)pk
]−1
Mk ,Nk
 ρ(νp1,N1; ν2, ν1|z2, z1).
(B.13)
In order to apply the fusion transformation to the n-point conformal partial wave, we focus on
the following part of the n-point conformal partial wave, which can be thought of as the 4-point
conformal partial wave,∑
lk=|Mk |=|Nk |
ρ(νpk+1,Nk+1 ; νk+2; νpk ,Mk |zk+2)
[
G(lk)pk
]−1
Mk ,Nk
ρ(νpk ,Nk ; νk+1; νpk−1,Mk−1 |zk+1). (B.14)
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Figure 12: The fusion transformation of the n-point conformal partial wave.
We consider the fusion transformation of this part in the same way as (B.11), which can be
depicted graphically in Figure 12. Consequently, we obtain 27
∑
lk=|Mk |=|Nk |
ρ(νpk+1,Nk+1; νk+2; νpk ,Mk |zk+2)
[
G(lk)pk
]−1
Mk ,Nk
ρ(νpk ,Nk ; νk+1; νpk−1,Mk−1 |zk+1)
=
∫
S
dαqk Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
×
∑
lk=|Mk |=|Nk |
ρ(νpk+1,Nk+1; νqk ,Mk ; νpk−1,Mk−1 |zk+1)
[
G(lk)qk
]−1
Mk ,Nk
ρ(νqk ,Nk ; νk+2; νk+1|zk+2,k+1)
−−−−−−−→
zk+2,k+1→0
∫
S
dαqk Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
ρ(νpk+1,Nk+1; νqk ; νpk−1,Mk−1 |zk+1)(zk+2 − zk+1)hqk−hk+1−hk+2 .
(B.15)
In a similar manner, we have∑
l1=|M1 |=|N1 |
ρ(νp2,N2; ν3; νp1,M1 |z3)
[
G(l1)p1
]−1
M1,N1
ρ(νp1,N1; ν2, ν1|z2, z1)
=
∫
S
dαq1 Fαp1 ,αq1
[
α2 α1
α3 αp2
]
×
∑
l1=|M1 |=|N1 |
ρ(νp2,N2; νp1,M1 , ν1|z2, z1)
[
G(l1)q1
]−1
M1,N1
ρ(νp1,N1; ν3, ν2|z32)
−−−−→
z32→0
∫
S
dαq1 Fαp1 ,αq1
[
α2 α1
α3 αp2
]
ρ(νp2,N2; νp1 , ν1|z2, z1)(z3 − z2)hp1−h2−h3 ,
(B.16)
27Here, two arguments of the each 3-point block are given by descendants (not primaries), which is slightly
different from (B.11). Nevertheless, the fusion transformation acts on them in a similar manner. Actually one
can find that this is trivial from the definition of the fusion transformation in the context of the vertex operator
algebra [90].
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and ∑
ln−3=|Mn−3 |=|Nn−3 |
ρ(νn, νn−1, νpn−3,Mn−3 |zn, zn−1, 0)
[
G(ln−3)pn−3
]−1
Mn−3,Nn−3
ρ(νpn−3,Nn−3; νn−2, νpn−4,Mn−4 |zn−2)
=
∫
S
dαqn−3 Fαpn−3 ,αqn−3
[
αn−2 αpn−4
αn−1 αn
]
×
∑
ln−3=|Mn−3 |=|Nn−3 |
ρ(νn, νpn−3,Mn−3 , νpn−4,Mn−4 |zn, zn−2, 0)
[
G(ln−3)pn−3
]−1
Mn−3,Nn−3
ρ(νpn−3,Nn−3; νn−1, νn−2|zn−1,n−2)
−−−−−−−→
zn−1,n−2→0
∫
S
dαqn−3 Fαpn−3 ,αqn−3
[
αn−2 αpn−4
αn−1 αn
]
ρ(νn, νpn−3 , νpn−4,Mn−4 |zn, zn−2, 0)(zn−1 − zn−2)hpn−3−hn−2−hn−1 .
(B.17)
Substituting these asymptotic behaviors into (B.13), we find
F h1,h2,...,hk ,hk+1,hk+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+2, zk+3, . . . , zn)
−−−−−−−→
zk+2,k+1→0
∫
S
dαqk Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
(zk+2 − zk+1)hqk−hk+1−hk+2
× F h1,h2,...,hk ,hqk ,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+3, . . . , zn).
(B.18)
Moreover we have shown that the dominant contribution to the integral can be given by (2.5)
and (2.6). As a result, we can conclude that the light cone singularity of the n-point conformal
partial wave is give by
F h1,h2,...,hk ,hk+1,hk+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+2, zk+3, . . . , zn)
−−−−−−−→
zk+2,k+1→0

Res
(
−2pii Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
;αqk = αpk−1,pk+1
)
(zk+2 − zk+1)hpk−1 ,pk+1−hk+1−hk+2
×F h1,h2,...,hk ,hpk−1 ,pk+1 ,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αpk−1,pk+1 <
Q
2 , αk+1,k+2,
Res
(
−2pii Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
;αqk = αk+1,k+2
)
(zk+2 − zk+1)hk+1,k+2−hk+1−hk+2
×F h1,h2,...,hk ,hk+1,k+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αk+1,k+2 <
Q
2 , αpk−1,pk+1 ,
−i∂2αqk Fαpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]∣∣∣∣∣∣
αqk =
Q
2
√
pi
8 (zk+2 − zk+1)
Q2
4 −hk+1−hk+2 (− log(zk+2 − zk+1))− 32
×F h1,h2,...,hk , Q
2
4 ,hk+3...hn
hp1 ,hp2 ,...,hpk−1 ,hpk+1 ,...,hpn−3
(z1, z2, . . . , zk, zk+1, zk+3, . . . , zn), if αk+1,k+2, αpk−1,pk+1 >
Q
2 ,
(k = 2, 3, · · · , n − 4)
(B.19)
where αi, j ≡ αi + α j and hi, j ≡ αi, j(Q − αi, j). The above procedure can be also implemented
in evaluating the singularity in the limit z32 → 0 and zn−1,n−2 → 0 by using the asymptotic
behaviors (B.16) and (B.17). Note that the singularity in the limit z21 → 0 can be obtained in
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terms of 3-point blocks as follows,∑
l1=|M1 |=|N1 |
ρ(νp2,N2; ν3; νp1,M1 |z3)
[
G(l1)p1
]−1
M1,N1
ρ(νp1,N1; ν2, ν1|z2, z1)
=
∑
l1=|M1 |=|N1 |
ρ(νp2,N2; ν3; νp1,M1 |z3)
[
G(l1)p1
]−1
M1,N1
ρ(νp1,N1; ν2, ν1|z21)
−−−−→
z21→0
ρ(νp2,N2; ν3, νp1 |z3, z1)(z2 − z1)hp1−h2−h1 .
(B.20)
We can also obtain the singularity in the limit zn,n−1 → 0 in the same way.
By using the braiding matrix, we can also give the singularity in more general limits zi, j → 0.
The braiding matrix is defined as (2.26), and it acts on a n-point partial wave as
F h1,h2,...,hk ,hk+1,hk+2,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hpk ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+1, zk+2, zk+3, . . . , zn)
=
∫
S
dαqk B
()
αpk ,αqk
[
αk+1 αpk−1
αk+2 αpk+1
]
F h1,h2,...,hk ,hk+2,hk+1,hk+3...hnhp1 ,hp2 ,...,hpk−1 ,hqk ,hpk+1 ,...,hpn−3 (z1, z2, . . . , zk, zk+2, zk+1, zk+3, . . . , zn).
(B.21)
Therefore, the singularity in the limit zi, j → 0 can be obtained in the following way,
F h1,h2,...,hi,...,h j...hnhp1 ,hp2 ,...,hpi−1 ,...,hp j−1 ,...,hpn−3 (z1, z2, . . . , zi, . . . , z j, . . . , zn)
↓ (braiding)
F h1,h2,...,hi,h j...hnhp1 ,hp2 ,...,hqi−1 ,...,hq j−2 ,hp j−1 ,...,hpn−3 (z1, z2, . . . , zi, z j, . . . , zn)
↓ (fusion)
singularity described by (B.19)
(B.22)
The explicit form is
F h1,h2,...,hi,...,h j...hnhp1 ,hp2 ,...,hpi−1 ,...,hp j−2 ,...,hpn−3 (z1, z2, . . . , zi, . . . , z j, . . . , zn)
=
 j−3∏
k=i−1
∫
S
dαqk Bαpk ,αqk
[
αi αqk−1
αk+2 αpk+1
]F h1,h2,...,hi,h j...hnhp1 ,hp2 ,...,hqi−1 ,...,hq j−3 ,hp j−2 ,...,hpn−3 (z1, z2, . . . , zi, z j, . . . , zn)
−−−−→
z j,i→0
 j−3∏
k=i−1
∫
S
dαqk Bαpk ,αqk
[
αi αqk−1
αk+2 αpk+1
] ∫
S
dαq j−2 Fαp j−2 ,αq j−2
[
αi αq j−3
α j αp j−1
]
(z j − zi)hq j−2−hi−h j
× F h1,h2,...,h j−1,hq j−2 ,h j+1...hn
hp1 ,hp2 ,...,hqi−1 ,...,hq j−3 ,hˆp j−2 ,...,hpn−3
(z1, z2, . . . , zi, zˆ j, . . . , zn),
(B.23)
where the hat means that the entry is omitted and qi−2 ≡ pi−2. Note that the dominant contribu-
tion to the integral over αq j−2 is given by
αq j−2 = min
{
αmin,
Q
2
}
, (B.24)
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where we defined
αmin ≡ min
αpi−2 + j−1∑
l=i+1
αl, αi + αpi+m−1 +
j−1∑
l=i+m+1
αl (m = 1, · · · , j − i − 1)
 . (B.25)
As a concrete example, let us consider a special singularity of the following conformal
partial wave,
lim
→0
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1 + ) , β =
{
2α, if α < Q4 ,
Q
2 , if α >
Q
4 ,
(B.26)
From the asymptotics (B.23), this limit can be expressed by
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1 + )
−−→
→0
 n−3∏
k=1
∫
S
dαqk Bα,αqk
[
α αqk−1
β α
] hqn−3−2hα
× F hβ,hβ··· ,hβ,hqn−3hq1 ,hq2 ,··· ,hqn−4 (z2, z3, · · · , zn−1, z1) ,
(B.27)
where αq0 = 0. In this special case, the dominant contribution to the integral over hqn−3 is just
given by
hqn−3 = hβ. (B.28)
As a result, the singularity of this partial wave can be expressed by
F hα,hβ,··· ,hβ,hαhα,··· ,hα (z1, z2, z3, · · · , zn−1, z1 + )
−−→
→0

(∏n−4
k=1
∫
S dαqk Bα,αqk
[
α αqk−1
2α α
])
Res
(
−2pii Bα,αqn−3
[
α αqn−4
2α α
]
;αqn−3 = 2α
)
×F h2α,h2α··· ,h2α,h2αhq1 ,hq2 ,··· ,hqn−4 (z2, z3, · · · , zn−1, z1) 
h2α−2hα , if α < Q4 ,(∏n−4
k=1
∫
S dαqk Bα,αqk
[
α αqk−1
Q
2 α
]) −i √pi8 ∂2αqn−3 Bα,αqn−3
[
α αqn−4
Q
2 α
]∣∣∣∣∣∣
αqn−3 =
Q
2

×F Q
2
4 ,
Q2
4 ··· , Q
2
4 ,
Q2
4
hq1 ,hq2 ,··· ,hqn−4 (z2, z3, · · · , zn−1, z1) 
Q2
4 −2ha (− log )− 32 , if α > Q4 .
(B.29)
C Monodromy Matrix in Ising Model
We will directly and carefully confirm the relation between the monodromy matrix and the
fusion matrix (3.2) in the Ising model (with the central charge c = 12 ), which has only three
Virasoro primaries: the identity, the Ising spin σ with the conformal dimensions (hσ, h¯σ) =
( 116 ,
1
16 ) and the energy density  with (h , h¯) = (
1
2 ,
1
2 ). We first mention that in RCFTs, the
integral of the monodromy matrix (3.2) is replaced by the sum as
M0,α
[
αA αA
αB αB
]
=
∑
β
e−2pii(hβ−hA−hB) F0,β
[
αA αA
αB αB
]
Fβ,α
[
αA αB
αA αB
]
. (C.1)
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For convenience, we list the CFT data and the conformal block of the Ising model [116]. 28
conformal dimension
(hσ, h¯σ) =
(
1
16
,
1
16
)
, (h , h¯) =
(
1
2
,
1
2
)
. (C.2)
OPE coefficient
Cσσ0 = C0 = 1, Cσσ =
1
2
. (C.3)
quantum dimension
d0 = d = 1, dσ =
√
2. (C.4)
fusion matrix (+permutation (5.63))
F0,0
[
σ σ
σ σ
]
= F0,
[
σ σ
σ σ
]
= F,0
[
σ σ
σ σ
]
= −F,
[
σ σ
σ σ
]
=
1√
2
,
F0,0
[
 
 
]
= F0,0
[
σ σ
 
]
= Fσ,σ
[
 σ
 σ
]
= −Fσ,σ
[
 σ
σ 
]
= 1.
(C.5)
braiding matrix (general form)
Fαs,αt
[
α2 α1
α3 α4
]
= e−ipi(h1+h3−hαs−hαt )B()αs,αt
[
α2 α1
α4 α3
]
. (C.6)
monodromy matrix (We will derive these elements in the following.)
M0,
[
σ σ
σ σ
]
= M,0
[
σ σ
σ σ
]
= e
pii
4 , M0,0
[
 
 
]
= 1. (C.7)
conformal block
F σσσσ (0|z) =
1√
2
√
1 +
√
1 − z
(z(1 − z)) 18
, F σσσσ (|z) =
1√
2
√
1 − √1 − z
(z(1 − z)) 18
, F  (0|z) =
1 − z + z2
z(1 − z) .
(C.8)
The fusion matrix elements can be given by using the following identities,√
1 +
√
1 − z = 1√
2
(√
1 +
√
z +
√
1 − √z
)
,√
1 − √1 − z = 1√
2
(√
1 +
√
z −
√
1 − √z
)
.
(C.9)
28We do not display the elements with zero values.
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These identities relate the t-channel block to the s-channel block as
F σσσσ (0|z) =
1√
2
F σσσσ (0|1 − z) +
1√
2
F σσσσ ( |1 − z),
F σσσσ ( |z) =
1√
2
F σσσσ (0|1 − z) −
1√
2
F σσσσ ( |1 − z).
(C.10)
From these relations, we find that the fusion matrix elements read respectively the equations
(C.5). As mentioned in Section 3.1, the monodromy matrix element around z = 0 is trivially
given by the phase factor e−2pii(hp−hA−hB), which can be directly found from the conformal blocks
(C.8) as follows;
F σσσσ (0|z) =
1
2
√
1 +
√
z +
√
1 − √z
(z(1 − z)) 18
−−−−−→
z→e−2piiz
e
pii
4
1
2
√
1 − √z +
√
1 +
√
z
(z(1 − z)) 18
= e
pii
4 F σσσσ (0|z),
F σσσσ ( |z) =
1
2
√
1 +
√
z −
√
1 − √z
(z(1 − z)) 18
−−−−−→
z→e−2piiz
e
pii
4
1
2
√
1 − √z −
√
1 +
√
z
(z(1 − z)) 18
= −e pii4 F σσσσ ( |z).
(C.11)
Therefore, the definition of the monodromy matrix (C.1) provides the elements as
M0,
[
σ σ
σ σ
]
= e
pii
4 F0,0
[
σ σ
σ σ
]
F0,
[
σ σ
σ σ
]
− e pii4 F0,
[
σ σ
σ σ
]
F,
[
σ σ
σ σ
]
= e
pii
4 ,
M,0
[
σ σ
σ σ
]
= e
pii
4 F,0
[
σ σ
σ σ
]
F0,0
[
σ σ
σ σ
]
− e pii4 F,
[
σ σ
σ σ
]
F,0
[
σ σ
σ σ
]
= e
pii
4 ,
(C.12)
which exhibit the monodromy matrix elements (C.7). The monodromy matrix is also derived
from the conformal blocks (C.8) directly as follows;
F σσσσ (0|z) =
1√
2
√
1 +
√
1 − z
(z(1 − z)) 18
−−−−−−−−−−−→
(1−z)→e−2pii(1−z)
e
pii
4
1√
2
√
1 − √1 − z
(z(1 − z)) 18
= e
pii
4 F σσσσ ( |z),
F σσσσ (|z) =
1√
2
√
1 − √1 − z
(z(1 − z)) 18
−−−−−−−−−−−→
(1−z)→e−2pii(1−z)
e
pii
4
1√
2
√
1 +
√
1 − z
(z(1 − z)) 18
= e
pii
4 F σσσσ (0|z).
(C.13)
Hence, we can confirm that the definition of the monodromy matrix (3.2) definitely represents
the monodromy around z = 1. Note that the monodromy matrix of the block F  is trivial
because there is only one fusion matrix element with a non-zero value.
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